DOCUMENT RESUME 



ED 058 048 



SE 013 117 



TITLE 

INSTITUTION 

3PON3 AGENCY 
PUB DATE 
NOTE 

AVAILABLE FROM 



Recommendations on course Content for the Training of 
Teachers of Mathematics, 1971. 

Committee on the Undergraduate Program in 
Mathematics, Berkeley, Calif- 

National Science Foundation, Washington, D. C. 

Au g 71 

61 p, 

CUPM, P- O. Box 1024, Berkeley, California 94701 
(Free) 



EDRS PRICE MF— $0 . 65 HC-J3.29 

DESCRIPTORS Course Content; ^Course Descriptions; ^Guidelines; 

Integrated Curriculum; ^Mathematics Education; 
Preservice Education; ^Professional Associations; 
^Teacher Education 



ABSTRACT 



This document is a revision of the 1961 report of the 
same title, taking into account the many changes which have occurred 
in school mathematics in the past decade. Four objectives of 
mathematics training are identified and discussed; (1) understanding 
of concepts and structure* (2) facility with applications; (3) 
ability to solve problems; and (4) development of computational 
skills. Specific course recommendations are made at four levels: (I) 

elementary school teachers (grades K— 6) ; (II-E) specialist 
mathematics teachers, coordinators and middle school mathematics 
teachers ^grades 5—8) ; (II— J) junior high school mathematics teachers 
(grades 5-9) ; and (Til) high school mathematics teachers (grades 
7-12) . Appendices give details of the content of the proposed 
courses, including alternative sequences for Level I. Special 
features of these courses are an emphasis on mathematics as a unified 
subject (no separate courses in algebra or geometry are recommended 
for Level I) ; a constant reference to the importance of the 
applications of mathematics; the use of flow charts and computers at 
various levels; and a second course in geometry for high school 
teachers, using vectors and transformations. (MM) 
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The Committee on the Undergraduate Program in Mathematics is a 
committee of the Mathematical Association of America charged with 
making recoirnicndat ions for the improvement of college and university 
mathematics curricula at all levels and in all educational areas. 
Financial support for CUPM has been provided by the National Science 
Foundation. 
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I NTRO DUCT TON AND HISTORY 



I . 

II . 
III . 
IV. 



CUFM issued its " Re commend at ions for the Training of Teachers 
>f Mathematics"* in 1961 during the early stages of modern mathemat- 
cs curriculum reform. In these recommendations the Committee con - 
iidered five levels of teachers of mathematics. These levels were. 

Teachers of elementary school mathematics - grades K 
through 6 

Teachers of the elements of algebra and geometry 
Teachers of high school mathematics 

Teachers of the elements of calculus, linear algebra, 
probability, etc* 

V. Teachers of college mathematics. 

luring the years 1961-62 CUPM also published "Course guides for the 
r raining of Teachers of Elementary School Mathematics' and Course 
Guides lor the Training of Teachers of Junior High School and High 
School Mathematics."* 

When it was proposed, the Level I curriculum received wide- 
spread attention and approval. It was approved formally by 
Mathematical Association of America, and it was ^ 

conferences hold by the National Association of State Directors ol 
teacher Education and Certification (NASDTEC) and the American Asso- 
ciation for the Advancement of Science (MAS) . It formed a par of 
the "Guidelines for Science and Mathematics in ^ he J” _ 

gram of Elementary School Teachers," published by NASD TEC-AAA.J 

1963, 

In the years 1962-1966 CUPM made an intensive effort to ex- 
plain its proposed Level I program to that part of the educational 
community especially concerned with the mathematics P re ^®JJ°" °p OS0 
elementary teachers. Forty-one conferences were held for this purpose, 
covert all lift v states. Participants in these conferences repre- 
sented college mathematics departments and departments of education, 
state departments of education, and the school systems. At these 
conferences the details of CUPM proposals were discussed and an 
effort was made to identify the realistic problems of implementation 
of the recommendations. A summary of the Level I Conferences is 
given in [ l] . ** 

As a result of these conferences and of other forces for 

h., bean , ..*«• I.—— >» *• Xm'S 
training required for the elementary teacher. In 1966 CUPM repea 



*Ngw out of print. 

**For a bibliography of CUPM publications, see page 22 
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a gtudy it had made in 1962 of the graduation 
various colleges having programs for training 
A summary of this study is given in [X]* but 
results are revealed in the following table: 



requirements in the 
elementary teachers 
two of its important 



Per cent of colleges 

requiring no mathematics 
of prospective elementary 
school teachers 

^ c - 1 ' cent of colleges requiring 
five or more semester 
hours of mathematics of 
these students 



1962 



22 . 7 



31 . 8 



1966 



8 , 1 



51 . 1 



„ J Level II and III Conferences similar to those held for Level I 
were deemed unnecessary by CUPM in 1962 because the Level II and III 
fh rou h^r had apparently been accepted by the teaching community 
hrough distribution of the recommendations and course guides One 

fc° n £* thlS t cceptsnce has been the publication of numerous 
textbooks whose prefaces claim adherence to the CUPM guidelines. 

Throughout the decade of the 1960's.. CUPM continued to expend 
considerable effort on the problems associated with the preparation 
Minor revisions of the original 1961 recommendations 
Yt 0 P ^ 0d a C ? d y^i 966 * and th ® course guides for Level I were similar 
M y 4 .f evls ? d 111 1968 - In 1965 CUPM published "A General Curriculum in 
rituluS ft* Colleges" CGCMC3[2] as a model for a mathematics c u r- 

CUPM % Smal i co f le * e - GCMC became a standard reference in othe, 

Li UPM documents. For instance, in the 1966 revision of the 1961 
ieacher Training Recommendations, the original recommendation of a 
t f ster s Degree for Level IV preparation was further delineated by 
the specification that "the program include the equivalent of at least 
two courses of theoretical analysis in the spirit of the theory of 
0f rSal and cont P lex variables. The courses 11, 12, 13 of 

the GCMC report are at the proposed level for undergraduate prepara- 
tion and indicate the sort of material desirable for graduate study." 

. . * n 1967 CUPM completed its guidelines for Level V preparation 

rt ' po:r 5 "Qualifications for a College Faculty in Mathematics" 
^, J * ’|“f; growing importance of two-year colleges in American higher 

education led to the publication by CUPM in 1969 of "A Transfer Cur- 
riculum m Mathematics for Two Year Colleges" [4], and also in 1969 
a companion report entitled "Qualifications for Teaching U^i v."rs It y ' 
Parallel Mathematics Courses in Two Year Colleges" [5]. ^ 

The publication of these reports completed CUPM's original plan 
of providing course guides fox each of the five teaching levels de- 
fined in 1961. By 1967, however, the pressure for further change was 
beginning to be felt, A minor revision ClSSSj of the Level I course 
guides contained the statement, "The five years that have elapsed 
since the preparation of the Course Guides have seen widespread gdop- 
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ti.on of the ideas of the new elementary school =nrr i cula , n o t only of 
the work of such experimental or quasi -experimental groups asthe 
School Mathematics Study Group CSMSG) or the University of Illinois 
Curriculum^ Study in Mathematics (UICSM). but also of .ration 
cial textbook series which incorporate such ideas. In addition, 
there have been attempts to influence the future direction « 

r ary school mathematics by such groups as the Cambridge Conference, 
in the near future,, the Panel believes, if will be necessary to 
examine our courses to take account of these developments. We hopB^ 
in the next couple of years to begin the sort of detailed, intellec 
iuaf study of current Lends in the curriculum and of pTed.cZions of 
the future which will be necessary in order to prepare teachers for 
the school mathematics of the next twenty years- 

ruPM's Panel on Teacher Training has, since 1968, continued 
this promised study. It has sought to understand ^^sLin^of 
future possibilities through a variety of means. in ^ 

1Q6S it iDonsofed a conference* New Directions %n Mathematics, - 
obtain the views and advice of a large number of mathematicians anci 
educato-s* it has constantly followed the deliberations of the ubt.l 
Itntl on Coding; it has followed with interest, and 
to continuing discussions on pedagogy, the changing attitud^ _ 
experiment ation in mathematics education and the role "f ^^ntatives 
in society today; and, finally, the Panel has met with representatives 
of the National Council of Teachers of Mathematics, the American 
Association for the Advancement of Science, and the National Assoeia- 
Lln LI S?ate Sirectors of Teacher Education and certification, and 
has maintained contact with national curriculum planning groups Ce.g., 

SMSG, UICSM, Comprehensive School Mathematics Program^ econ ary 
School Mathematics Curriculum Improvement Study) . Th« and Course 

from this study that a revision of tha CUPM Recommendations and Course 

Guides for Levels I, II, and III was indeed required n lL* *tate 
the result of that decision, and it contains, m the appropriate 
places, the Panel’s reasons for the decision. 

As indicated by its title, this report, like those that . 

ceded it, deals only with questions of mathematical content^ although 
nt}ier asnects of teacher preparation are discussed briefly on page 
* he F S it waJ regarded as advisable to publish the new recom- 

eoiS, S 5id.s for all thro, l.v.l. i„ a slrgl. doc- 

ment . 



* Goals for School Mathematics^ The report of the Cambri ge on- 
ference on School Mathematics, Houghton Mifflin Company , Boston, 
Massachusetts, 1963. 
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THE PURPOSE OF THIS REPORT 



This report presents an outline of the Panel’s new reconmienda- 
tions for the minimal college preparation for teachers of school 
mathematics based, upon its assessment of those significant changes 
that have taken place or can be expected to take place in school cur— 
rieula during the 1970 f s . 

The nature of school mathematics is , of course, far from 
static, and the forces for change are many. The past twenty- five 
years have produced a phenomenal increase in the quantity of known 
mathematics, as well as in the variety and depth of its applications. 
This growth has been reflected in our total culture, which has become 
increasingly mathematical, a trend which is certain to continue. It 
is inevitable and proper that these changes will be reflected in the 
content of school mathematics, as well as in the way it is taught. 

Thus , In the past ten years we have seen a flurry of activity 
directed toward improving the mathematics curricula in our schools. 
The pace of change alone demands that those engaged in such activity 
periodically review their efforts, A decade seems to be an appro- 
priate period for such a review. 

It is reasonable to ask what specific changes in mathematics 
and mathematics education during the past decade impel us to modify 
our recommendations* 

The dependence of western civilization on technology has long 
been evident, and it has been recognized that mathematics supports 
the physical and. engineering sciences upon which technology thrives . 
More recently new applications of mathematics to the biological, 
environmentalj and social sciences have developed. Statistics and 
probability have emerged as important tools in these applicatioris , 
Indeed, as ordinary citizens w© frequently encounter surveys and 
predictions that make use of probability and statistics, so that an 
intelligent existence demands our understanding of statistical meth- 
ods. Consequently, many secondary schools have begun to teach proba- 
bility and statistics and, as we shall show, there are compelling 
reasons to teach these subjects in the elementary grades. 

But aside from the specific mathematics, e - g, , statistics, 
which is brought to bear upon applications, the applications are 
interesting in themselves, so that it is padagogically sound to 
incorporate them in the riiathematics program. Thus, our new recom- 
mendations emphasize the applications of mathematics* 

Many of these new applications have been aided, perhaps even 
made possible J by modern computers , and the teaching of computer 
science and computational mathematics are becoming commonplace in our 
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colleges.^ Computer programining is now a part of many junior and 
senior high school mathematics programs , and it has been discovered 
that the notion of a flowchart for describing an algorithmic process 
is a useful pedagogical device in the teaching of elementary mathemat- 
ics , as well as an efficient device for prescribing a computer pro- 
gram. Thus, computers axe influencing mathematics education at an 
levels, and we have attempted in preparing this report to assess this 
influence and to recommend measures for increasing it* 

It is a fact that change induces change. For instance, an 
import ant aspect of curricular change over the past decade has been 
emphasis on the understanding of mathematical concepts. As a result, 
we have learned that abstract concepts can be assimilated at a much 
earlier age than was previous ly thought possible* Thus, we are less 
reluctant today to suggest that elementary notions of probability 
may be useful in explaining ideas about sets and rational numbers 
than we were a decade ago to suggest that elementary ideas about sets 
might be useful in helping children to understand the process of 
counting* Furthermore , the curricular revisions of the past decade 
have led to improved training programs which have produced elementary 
school teachers who are more confident about presenting mathematical 
topics* It is our purpose in this report to take advantage of today 1 s 
teachers' new attitudes and skills in order to meet new challenges. 

Finally, our recommendations are intended to reflect improved 
preparation over the past decade of entering college freshmen. 



A S e e Communications of the Association for Computing Machinery , 



VgI * XI, No. 3, March 1968, for 5 'Curriculum 68, 

Academic Programs in Computer Science,” as well 
lication , "Recommendations for an Undergraduate Program in Computa- 
tional Mathematicid’ [6] 



Recommendations for 
as the 1971 CUFM pub= 
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THE OBJECTIVES OF TEACHER TRAINING 



The Panel believes that the following objectives of mathemati- 
cal training are important : 

1- Understanding o£ the concepts , s tructure , and style of 
mathematics 

2, Facility with its applications 

3, Ability to solve mathematical problems 

4, Development of computational skills. 

Those statements deserve amplification. 

It is our belief that the disciplined, rational man has the 
best chance of becoming independent, mature, and creative, and that 
the development of these qualifies is a lifelong process. The Intel* 
lectual discipline of mathematics contributes in a unique way to this 
development. We identify two reasons why this is so. First, mathe- 
matical concepts are necessarily rooted in man f s awareness of the 
physical world. Understanding mathematics allows him to relate more 
efficiently to his environment. Second, a person’s understanding of 
a concept depends upon its meaningful relation to and firm grounding 
in his personal experience, as well as upon his awareness of its role 
in a system of interrelated ideas. As he learns to relate concepts 
to one another in an orderly fashion he becomes better organized and 
he improves his ability to abstract and to generalize, that is, to 
recognize a concept in a variety of specific examples and to apply 
this concept in differing contexts. We believe that the study of 
mathematics can directly benefit this process of personal organiza- 
tion* We therefore regard it as essential that mathematics be taught 
at all levels in such a way as to emphasize its concepts, structure, 
and style. 

It is possible, of course, to study, to appreciate, and even 
to practice mathematics by and for itself, but poop 1 o who can and 
wish to do this are rare* For most of us an important value of mathe- 
matics is its applicability to other scientific disciplines* The re- 
cent fruitfulness of mathematics in this regard has already been men* 
tioned, but this is really in the tradition of mathematics, which has 
repeatedly responded to other disciplines that seek to apply its 
theories and techniques. It should also be recognized that the sci- 
ences in their turn have stimulated the development of new fields of 
mathematics. Thus, we believe that students of mathematics should ac- 
quire an understanding of its wide applicability in various fields, and 
for this reason, applications should be emphasized in every course. 

When we speak of facility with applications we mean the abili= 
ty to recognize and delineate a mathematical modal of a physical, 
social , biological , or environmental problem. Being able to solve 
the related mathematical problem is a skill which we also reg as 

Important. Effective mathematics instruction must include devu op- 
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ment of the ability to attack problems by identifying their mathemati- 
cal setting and then bringing appropriate mathematical knowledge to 
bear upon their solution* 

Finally, computational skill is essential* Without it the 
student cannot learn to solve mathematical problems, to apply mathe- 
matics, or to appreciate even its simplest concepts and structure . 
Although we normally think of this skill as including spee 



accuracy in applying the common algorithms off arithmetic and algebra, 
we Should keep in mfnd the fact that it also includes the ability 

c i mate result of a computation. 



Each 



to estimate quickly an approx] 

course should not only provide systematic practice ^hSbit of 
but should also inculcate in the student the skill and habit of 

estimat ing . 

This report recommends courses that we believe prospective 
teachers should study in order to help them achieve these objectives, 
both for themselves and for their future students. First we explain 
briefly why we believe that teachers need much more mathematical 
education than most of them are now getting, and why their training 
needs bo be of a special kind in certain cases. 

As we indicated earlier, there have been recent improvements 
in the certification requirements for elementary school teachers, but 
in our opinion they continue to be inadequate or inappropriate m 
many cases. Some states require a semester or a year of 'college 
mathematics" without indicating what sort of mathematics this should 
be These practices appear to be based on the assumption that little 
or no special training in mathematics is needed to teach in an ele- 
ment aryscKool . This assumption has always been unrealistic, and in 
the present context of rapidly changing and expanding curricula it is 
wholly untenable. 

In some elementary schools the rudiments of algebra, informal 
geometry, probability, and statistics are already being taught in 
addition to arithmetic. But even if only arithmetic is taught, the 
teacher needs sound mathematical training because his underitan ing 
affects his views and attitudes; and in the classroom, the views and 
attitudes of the teacher are crucial. An elementary school teacher 
needs to have a grasp of mathematics that goes well beyond the con- 
tent and depth of elementary school curricula. 

Similarly, a Level II or III teacher's understanding of mathe- 
matics must exceed, both in content and depth, the level at which he 
teaches. Within the next decade it is to be expected that secondary 
school teachers will be asked to teach material which many of our 
present teachers have never studied. 

We therefore recommend courses for all teachers which will not 
only ensure that they thoroughly understand the content of the courses 
they must teach, but will also prepare them to discuss related topics 
with able and enthusiastic students. These college courses must also 
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prepare teachers to make intelligent judgments about changes in 
content, pace, and sequence of: mathematics programs for their schools, 
and to have the flexibility of outlook necessary to adjust to the 
curriculum changes which will surely take place in the course of 
their professional careers * 



s 
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THE NEW RECOMMENDATIONS 



These recommendations concern only the preparation of teachers 
of elementary and secondary school mathematics,* and '^ e |® aS co ^ e ^ 6 
these teachers were classlfed into three groups, we find it conven 
lent to use four classifications: 

LEVEL 1, Teachers of elementary school ma thematics (grades K 

through 6) 

LFVPL TI-E. Specialist tea chers of elementar y school mathematics, 

of elemen tary school m athematics, and _ 
i-.. ,f-hers of m iddle school or junior h igh school mathf-_ 
matics (rough ly grades S through 8) 

LEVEL II-J. Teachers of junior high school mathematics (grades 7 
through ^3 

tpvpi. ITT, Teachers of hi gh school mathematics (grades 7 through 

123.“ 

These classifications are to be taken rather loosely their 
interpretation depending upon local conditions of . *"t £ i"” 

ular organization. It will be noted that the various olassifica 
tions overlap. This is a deliberate attempt to allow for local 

variations - 

The reader should note that the training for Level I teaching 
is a separate program, while, except for their Level I content, the 
curricula for the S £urther levels form a cumulative sequence. 

The recommendations of this report are not motivated by a 
desire to meet the demands of any special program of mathematic 
education or the goals of any particular planning O ^i|ation 0 5° 
consider our recommendations to be appropriate for any teachers 
school mathematics, including teachers of low achievers. 



LEVEL I RECOMMENDATIONS 

We have already stated that the applications of mathematics 
the influence of computers, and the changes wrought in the 1960 s 
the teaching of mathematics prompt us to revise our ’’Recommendations 
for the Training of Teachers of .Mathematics" at all four levels. At 



*The preparation of teachers of two- and 
mathematics is the subject of two other CUPM reports (see [3] and 

15 ])- 
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Level I in particular we are aware that new teaching strategies 
designed to facilitate and enrich learning are being adopted or are 
the subject of experimentation, Such strategies impose on elementary 
school teachers the necessity a deeper understanding of the school 
mathematics curriculum than is required by conventional teaching 
methods and increase the teacher's need for knowledge of mathematics 
well beyond the level at which topics are treated in the elementary 
classroom* 

We believe that this deeper understanding can be better 
achieved if matheniatics is taught , and understood , from the earliest 
stages as a unified subject* The function concept, for instance j 
should serv© as a unifying thread in elementary school matheniatics # 
and elementary intuitive geometry should be taught for its connec- 
tions with arithmetic as well as for its own sake* The applications 
of mathematics reflect its unity and offer an opportunity to illus- 
trate its power* For instance, the notion of a finite sample space 
in probability can be used at a very elementary level to illustrate 
the idea of a set Of outcomes) , and the probability of an event 
can motivate the need for rational numbers- Simple statistical 
problems yield practice in computing with both integers and rational 
numbers as well as in applying probability theory to practical situa- 
tions, Final ly # the use of flowcharts helps to explain the elemen- 
tary algorithms of arithmetic as well as to prepare the student for 
later study of computer programming* 

Thus, while the development of the number system should remain 
the core of the elementary school curriculum and of the content of 
Level I courses, there are other crucial topics which ought to be 
contained in the Level I sequence- We stress this point by listing 
these topics in the following recommendations. 

Recommendat ions for Prospective Level I Teache rs : 

We propose that the traditional subdivision of 
courses for prospective elementary school teachers into 
arithmetic , algebra, and geometry be replaced by an 
integrated sequence of courses in which the essential 
interrelations of mathematics, as well as its inter- 
actions with other fields, are emphasised- We reco^nmend 
for all such students a twelve semester-hour sequence 
that includes development of the following; number 
systems , algebra, geometry, probability, statistics, 
functions, mathematical systems, and the role of -deduc- 
snd inductive reasoning* The re commend ed sequence 
is based on at least two years of high school mathemat- 
ics that includes elementary algebra and geometry* 

further recommend that some teachers in each 
elementary school have Level 1I»E preparation. Such 
teachers will add needed strength to the elementary 
school's program. 
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Our suggestion of an integrated course sequence represents a 
very change which J^s^recom^endat xons^are ^ be 

accomplished. We attempt ‘ in the sequel to provide our answer to such 
questions * 

There are many ways in which to organize the appropriate 

material into integrated course sequences, and " e ^"SS^sISStlx 
mentation and diversity. Two possible sequences of four 3 sem _ 
hour courses are described in detail in the course guides bcginnx g 
on page 23, For reference we list their titles her . 





Sequence 1 




Sequence 2 


1 , 


Number and Geometry with 
Applications I 


1 . 


Number Systems and Their 
Origins 


2* 


Number and Geometry with 
Applications II 


2 . 


Geometry j Measurement j and 
Probab ility 


3* 


Mathematical Systems with 
Applications I 


3 * 


Mathematical Systems 


4 , 


Mathematical Systems with 
Applications II 


4 . 


Functions 



These seauences differ in the ordering of topics and in the degree of 
IiieSri?Sn iet both conform to our idea of an integrated urso 

sequence. It may be helpful to th^xSionSlq 

at being comprehensive or any desire to t>e prescript , 
which led us to these integrated sequence. 

The dual role of numbers In counting and measuring is sys- 

srsp;,.” w 

SSSn^oSSS. 

The study of rational numbers may likewise be motivated through 
™ us t i f i cat i 0 ^ and°n at ur a 1 SpllclttSn^refeLnLJy^bability 

leads naturally to irrational numbers. 

The arithmetic of decimals can be presented as the mathemati- 
zation S approximation. Also, the algorithms of 
met ic lead naturally to flowcharts and to a study of the 
computers - 

Length, area, and volume have computational, f '•“Na- 
tional and group- theoretical aspects. Extensions o 1 " . . 

from two to three dimensions constitute valuable experience 1 
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se 3 VeS * useful in developing spatial intuition, and also help in 

understanding the nature of generalization in mathematics. 

Graphs of functions of various kinds, theoretical and empiri- 
cal, may be studied, incorporating intuitive notions of connectedness 
and smoothness* 

, function concept plays an important role in an integrated 

curriculum. Counting, operations on numbers, measurement, geometric 
transformations, linear equations, and probability provide many 
examples of functions, and common characteristics of these examples 
should be noted. Ideas such as composition of functions and inverse 
functions may then be introduced and illustrated by algebraic and 
geometri c _ examples - Of course, detailed formal discussion of the 
function concept should come only after examples of functions have 
been mentioned in various contexts in which it is useful to do so. 

Similarly, the elementary notions of logic such as logical 
connectives, negation, and the quantifiers should be treated explicit- 
ly only after attention has been called informally to their uses in 
other mathematical contexts. Indirect proofs and the use of counter- 
examples arise naturally and may be stressed when the structure of 
the number systems is examined. However, in the final stages of a 
prospective elementary teacher's training it is useful to return to 

f mpre explicit way for the purpose of summarising the roles 
o± inductive and deductive reasoning in mathematics and providing 
examples of deductive systems in geometry, algebra, number theory or 
vector spaces . 

Finally , the references to algorithms in the foregoing para- 
graphs emphasize the pervasive role of computing and algorithmic 
techniques in mathematics and its applications. The use of flowcharts 
for describing algorithms is becoming commonplace in the elementary 
school* Moreover, flowcharts are proving to be an important eduea- 
^ lc> nal tool in teaching elementary and secondary school students to 
organize their work in problem solving. These ideas should therefore 
be encountered by a prospective teacher in his mathematics training. 

We recommend that computing facilities be made available, so that he 
will also have an opportunity to implement some algorithms and flow- 
charts on a high-speed computer using some standard computing 
language. - 

Hie course sequence should include many references to applica- 
tions outside mathematics . This is self-evident for probability 
theory, but it is important to stress this over the whole spectrum of 
topics studied. In particular, the function concept itself provides 
many opportunities to underline the significance of mathematical 
formulations and methods in our study of the world around us. 

fhe conclusion of the course sequence the prospective 
teacher should understand the rational number system and the neces- 
sity, if not the method, of enlarging it to the real number system. 
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Ha should be familiar with elementary linear geometry in two and 
three dimensions. In his study of the integers and the rational 
numbers , he should understand the essential role played by the prop- 
erties of the addition and multiplication operations and the order 
relations in justifying and explaining the usual computational 
algorithms , the factorisation theory of whole numbers, and the meth- 
ods of solution of equations. He should thereby , and through experi- 
ence with algebraic structures encountered in geometry, acquire an 
appreciation of the importance of abstraction and generalisation in 
mathematics . 

He should know something of the basic concepts and the algebra 
of probability theory, and he should be able to apply them to simple 
problems. He should grasp the idea of an algorithmic process and 
understand a bit about computers and how one programs them. We expect 
him to appreciate something of the role of mathematics in human 
thought, in science, and in society. We hope finally that he can 
learn all this in such a way that he will enjoy mathematics and the 
teaching of if, and that he will desire to continue to study mathe- 
matics . 



LEVEL 11 RECOMMENDATIONS* 



In the years since the first set of recommendations was made, 
dramatic changes have taken place in the mathematics of junior high 
school. These changes are in depth, as witnessed by greater emphasis 
on logic and mathematical exposition, and in breadth, as witnessed by 
the increased amount of geometry and probability. They make it 
necessary to re-examine the background needed by a teacher at this 
level. Moreover, the intermediate position of the junior high school 
requires of teachers at this level an appreciation of the mathematics 
of the elementary school as well as knowledge of the mathematics of 
the high school. 

Finally, it seems desirable that there be two kinds of teachers 

in the middle school or the junior high school: those who concentrate 

on the transition from the elementary school and those who concentrate 

on the transition to the high school. For this reason we give two 

sets of recommendations for this level,** 



^"Guidelines for the Preparation of Secondary School Teachers 
of Mathematics'* have also been prepared by the Committee on the 
Breadth and Depth of the Mathematics Teacher’s Preparation in Science 
and Mathematics of the American Association for the Advancement of 
Science. For copies write to AAAS , ISIS Massachusetts Avenue, N.W., 
Washington, D . C . 20005. 

**This preparation is called "area of concentrat ion" 
teacher training programs . 
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LEVEL IT^E RECOMMENDATIONS 



These recommendations axe for students who begin with Level X 
preparation and pursue further training to qualify them to be either 
specialist teachers of elementary school niathematics f or coordinators 
of elementary school mathematics, or teachers of middle school and 
junior high school mathematics. As stated on page 10, there should 
be some teachers with Level II-E preparation in each elementary 
school. The recommended program is: 

A. The Level X program* fA student who is already prepared for 

calculus may omit the course on functions of the second ie- 
quence of courses listed on page 11 . ) 



B * 



D, 



F * 



An elementary calculus course fe*g. , Mathematics 1 as des = 
cribed in [2] ) . At this level all teachers need an introduc- 
tion to analysis and an appreciation of the power that calculus 
provides , 

Two courses in algebra. The courses in linear and modern 
algebra are identical to those described under C of the 
Level III recommendations, pages 17-18* 

A course in probability and statistics * This course is iden** 
tical to the first course under D of the Level ITT recommenda- 
tions , page 18, 

Experience with applications of computing * This recommendation 
is identical to that under F of the Level III recommendations, 
page 1 8 . 

One additional elective course. For example, a further course 
in calculus, geometry, or computing. 



LEVEL II-J RECOMMENDATIONS 



These recommendations provide a special curriculum for the 
training of junior high school teachers which is slightly less exten= 
sive than that for Level III. The recommended program is: 

A* Two courses in ele mentary calculus (e.g. , Mathematics 1 and 2 

of [2] j , Greater emphasis on calculus is desirable for this 
level because teachers at the upper level of the junior high 
school must see where their courses lead, 

B . Two courses in algebra. The courses in linear and modern 

algebra are identical to those described under C of the Level 
III recommendations, pages 17-18. 
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D. 



E . 



F , 



One course In geometry. Either of the two corpses described un- 
j er e a£ the Level III recommendations Cpag© 1B> will suffice, 

A course in pr obabl 1 ity and statistics * This course is iden= 
tical to the first c ours e described under D of the Level III 
re comm endat ions , page 1B_ 

Experience with applicatio ns of computing . This recommenda- 
tion Ts" idehticai to that under F of the Level III recommenda- 
tionSj page 18 * 

Review of the content of courses 1 and 2 of Level I (eith er 
seq uertee] through study or audit * There is a problem with the 
interface between the elementary school and the junior high 
school. In part this is caused by the fact that, tradition* 
ally* junior high school teachers are prepared for secondary 
school teaching and hence are little aware, at first* of their 
students * capabilities and preparation. We therefore believe 

-that some sort of orientation to the mathematical content and 
spirit of the elementary school mathematics program is neces- 

sary to equip the Level II-J teacher properly. Two means have 
been considered to meet this need. One method would be to 
give an additional course in college to the prospective Level 
j pj teacher * a course which would be a streamlined version of 
courses 1 and 2 of the Level I program. On the whole, we 

prefer this solution although it makes the plan of study 
rather long* The second method would he to encourage schools 

to supply the new Level II=J teacher with elementary school 
texts to read, and to require him to visit classes and to talk 
with elementary school teachers , especially those in grades 
four to six. A combination of both of these methods might 
prove most effective. 



G . Two elective courses . 

Items A through E supply the bare essentials. Greater breadth 
and greater depth are both to be desired. In order to give the 
teacher freedom to pursue his interests, electives are suggested, 

with further courses in computing, analysis, algebra, and geometry 
having high priority. Teachers with Level III preparation can meet 
the requirements listed above by fulfilling the intent of F. 



LEVEL III RECOMMENDATIONS 



Although the mathematics of the senior high school has not 
changed as dramatically in the past ten years as has that of the 

elementary school, yet there are significant directions of change 
which make new recommendations desirable* These ares 1 1 J » gradual 

increase in the volume and depth of mathematics taught &t the second 

level which brings with it an increased occurrence of cslcu us 




twith the Advanced Placement prograin) , f2) an increasing use of 

computers in mathematics courses and as an adjunct In other courses , 
and (3) an increasing realization that applications should play a 
more significant role. 

Our recommendations , while designed primarily to specify 
minimum requirements for prospective high school teachers * have also 
been constructed with a view to maintaining, as far as possible, 
comparability of standards between prospective teachers and prosper - 
tive entrants to a graduate school with a major in a mathematical 
science. W© want to maintain a freedom of choice for the student to 
go in either direction. While the program we recommend for prospec- 
tive teachers will leave the student with a deficiency in analysis 
and in algebra in order to meet the CUPM recommendat ions for entry 
to graduate school £c,f. [7j|j, the prospective graduate student in 

mathematics would normally need courses in geometry and in probabili* 
ty and statistics to meet our recommendat ions for teachers. We regard 
it as a matter of great importance that a program for teachers should 
be identical to the one offered to other mathematics majors , excep t 
for a few courses peculiarly appropriate to prospective high school 
teachers . 

Before detailing the recommendations * some remarks on the role 
of applications, the computer, and on the problem of teaching geome- 
try are in order. 

Every experienced teacher knows that matheniatici must begin at 
the concrete level before it can proceed to a more theoretical or 
abstract formulation, It is assumed that topics in the courses under 
discussion will contain a judicious mixture of motivation, theory , 
and application, A purely abstract course for teachers would be mad= 
ness, but a course in calculation with no theory would not be mathe- 
matics . In addition to including applications where possible in 
mathematics courses, there is a need for introducing some specific 
study of the lore of mathematical model building, in order to provide 
the framework of Ideas within which specific applications can be 
placed in their proper perspective. The idea of a mathematical model 
of a M real !! situation and the associated techniques and rationale of 
the model building process have developed as a sort of folk knowledge 
among mathematicians and users of mathematics, and now an effort is 
being directed toward making these ideas more explicit and including 
them in the curriculum. The course Mathematics 10 described in [2] 
was such an effort, but only now are detailed descriptions of such a 
course appearing fe.g. , [S]j. As these efforts begin to affect the 

high school curriculum, where much of the material belongs, it be- 
comes more urgent that the future high school teacher receive appro- 
priate preparation. Conversely, the preparation of teachers to 
communicate these ideas will accelerate the improved treatment of 
applications in high schools. 

Computers have already had a phenomenal impact on the high 
school mathematics curriculum in supplementing, and in part replacing, 
traditional formal methods by algorithmic methods. As access to 



digital computers becomes more conunon, one can expect both the flavor 
and content of High school mathematics courses to change dramatically. 
In schools where such facilities are already available* it has become 
clear that opportunities for experimentation and creative outlet* 
using the computer as a laboratory device* are within the reach of 
many students whose mathematical ability* motivation* or background 
would preclude any comparable experience in a formal mathematical 
setting* Moreover * it has been found that certain abstract mathe- 

matical ideas are understood and appreciated more completely when 
experience is first obtained through the use of a computer, Algo= 
rithmic and numerical techniques should therefore be given strong 
consideration in ail courses in which they are appropriate* and* 
wherever computing facilities are available* use of the computer 
should be a routine part of these courses - * 

The nature of high school geometry continues to change. 

Changes over the past decade have mainly been toward remedying the 
principal defects in Euclid* s Elements that are related to the order, 
separation* and completeness properties of the line* but more recently 
there has developed an entirely new approach to geometry that links 
it strongly to algebra. This approach is now finding its way into 
the high school geometry course, A teacher should be prepared to 
teach geometry either in the modern Euclidean spirit or from the new 
algebraic point of view. Thus we are recommending that he take two 
geometry courses at the college level. 

The minimum preparation of high school teachers of mathematics 
should include ^ 

A, Three courses in calculus. The courses 1* 2 and 4 of [2] are 
suitable. This recommendation assumes that the student has 
the necessary prerequisites. It is also desirable to take 
advantage of the growing role of computers in introducing 
mathematical concepts . 

B. One course in real analysis. Course 11 of [2] would be satis- 
factory provided that the instructor is aware of the primary 
interest of his students in teaching. 

q _ Two courses in algebra* One of these should treat those topics 

in linear algebra that are essential for the understanding of 
geometry and that have become crucial in applications ,* espe- 
cially to the social sciences. Course 3 described in [2] * with 
careful attention to examples* would suffice. The second 
algebra course should be an abstract algebra course approxi- 
mating course 6 of [2]* Again, opportunities should be found 
to incorporate geometrical ideas that motivate and illustrate 



* a good source on programming and problem solving at the appro- 
priate level is; Hull* T. E. and Day* D. D. F - * Computer s and Prob- 
lem Solving * Add is on- Wes 1 ey (Canmda) * Ltd, * 1970. 
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various algebraic structures fe.g. , groups of symmetries j 
groups of transformations, rings of functions) . 



D* Two courses in probability and statistics . The first of 

these should begifT with intuitive notions of probability and 
statistics derived from the real world. Mathematical model 
building and the relationship of mathematics to the real world 
should be considered. Calculus may be required in the latter 
part of this first course * The second course will treat those 
additional and more advanced topics normally included In a 
statistics sequence* In [9] the Statistics Panel of CUPM has 
described two courses that are close to what we have in mind. 
Throughout the two courses , care should be taken to include 
an analysis of some statistical studies which have appeared 
on the public scene and should make explicit some of the mis- 
interpretations that are possible. Applications ( in particu- 
lar, applications to decision theory! should be drawn from 
such fields as medicine, education, business and politics. 

The range and realism of problems can be enhanced if students 
are able to use computers, 

E* Two courses in geometry . One course emphasizes a traditional 

approach by concentrating on synthetic methods and a careful 
study of the foundations of Euclidean geometry with a brief 
treatment of non=Euclidean geometry. The other course Is 
strongly linked to linear algebra, includes an investigation 
of the groups of transformations associated with geometry, 
and is explicitly related to other parts of mathematics. 
Examples of such courses are offered on pages 47-55 * 

F - Experience with applications of computing * This should in- 

volve learning the use of at least one higher level program- 
ming language such as BASIC or FORTRAN. For this purpose we 
recommend a formal course such as C— 1 of [6] , but the experi- 
ence may also be obtained independently or in other courses 
that make use of computers _ 

G , One course in applications , This should place heavy emphasis 

on mathematical models in the physical or social sciences. 



CUPM * s Panel on Applied Mathematics is presently preparing 

course out lines for several options for GCMC f s course 10, 

e.g, , mathematical models in physical sciences, graph theory 

and combinatorics, and optimisation (see [8] ) , A course 

based on examples such as those set forth in "Applications of 

Mathematics for High School Teachers" by I i , Poliak and 
G. Young [to appear] would also be appropriate. 

Nine of these twelve items should be included in the under— 
raduate program of every prospective high school teacher, namely A, 

* G, F, and one course each from D and E, The remaining courses may 

8 deferred to his post -b aeeal aureate study, although consideration 
should be given to including them among the electives in his under— 
graduate program* A list of possible elective courses is included at 
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-the end of the following paragraph , Were it no-t for view that 

an undergraduate program should permit maximum flexibility m 
choosing a career and as much latitude as possible for every student 
to express his own interests in acquiring tho proper breadth xn ns 
area of concentrations we would have specified that all of the twe ve 
items he included in the undergraduate program of a prospective 
teacher. Portunately, it is now becoming’ commonplace for Level XII 
teachers to continue their mathematical education at the graduate 
level- Indeed, this is mandatory in many instances through permanent 
certification requirements or through the salary schedules and poll 
cies of individual school systems - 

In structuring his under gradu at e mathematics program* a 
student will naturally choose His electives alter reflection upon 
his career goals. If, for example, n prospective high school teacher 
wishes to pursue graduate study in mathematics, he will necessarily 
choose additional courses in algebra and analysis beyond those which 
we have mentioned, in our recommendations for Level Til teachers. e 

include below a partial list of electives which would suit ab ly ext end 
our recommendations for the training of high school mathematics 
teachers . 



Real Variables (GCMC 11, 12t) 

Complex Variables (GCMC 1 
Numerical Analysis (GCMC S) 
Abstract Algebra* 

Geometry and Topology 
Numb or Th eory 

Foundations of Mathematics 
Logic and Linguistics 



and 

the 



*Here we have in 
in Linear Algebra 
commentary on [2] . 



mind courses in Introductory Modern Algebra 
similar to those which will be described in 
See the reference to [ 2 ] , 
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OTHER ASPECTS OF TEACHER TRAINING 



In aceordanca with, our charge , we have made recommendations 
only on the content of the teacher training curriculum. We are# how- 
ever# well aware that there are other crucial aspects of a teacher's 
overall preparation. In discussing these matters we hasten to ob- 
serve that. Just as we do not believe in any sharp distinction between 
teacher- trainees and other students in respect to the content of 
their mathematics courses, so we insist that these = other aspects are 
relevant to all mathematics instruction. We believe only that they 
deserve more emphasis for teacher “trainees than for other mathematics 
maj ors * 

Communication Is of the essence in mathematics, and pro- 
spective teachers must pay special attention to all of the ways in 
which mathematics is most effectively communicated* They should be 
led to regard mathematics as a creative activity — something which 
one does rather than merely something which one learns. The active 
participation of the student in the process of discovering and 
communicating mathematical ideas is crucial for his real understand* 
ing< Courses should be taught in ways that foster active student 
involvement in the development and presentation of mathematical 
ideas , 

Development nf skills i n writing and reading and speaking 
and listening should be an explicit part of teacher training at 
every stage, and not only in mathematics courses* These, like any 
other skills, can be developed only through constant and active 
involvement of the student in practices which exercise these skills . 
Thus, his regular courses, reading courses, clubs, or seminars 
should stress opportunitiei for two-way communication of mathematical 
ideas . 

It is also important for teachers to continue to study and to 
do mathematics throughout their professional lives * This is closely 
related to, but goes beyond, the processes of communication men- 
tioned above, for a willingness to grow reflects an enthusiasm that 
often transcends other skills in communicating mathematics. 

Other aspects of communication which are not dealt with in 
this report are those relating to behavioral objectives and to special 
teaching methods and aids. While the Panel agrees that these are 
very import ant matters , if feels that they demand a much more complex 
effort and a totally different expertise, and might properly be the 
subject for another study. An excellent volume, which explores "the 
educational and psychological problems in the selection, organisation 
and presentation of mathematics materials at all levels from the 
kindergarten through the high school” is the Sixty-ninth Yearbook of 
the National Society for the Study of Education, entitled "Mathe- 
matics Education*” 
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The relationship of mathematics to other studies is another 
important matter not touched upon in this report except insofar as 

we have recommended the study of applications of mathematics , Indeed 
we believe that every mathematics teacher should develop skill in 

other subjects which make use of mathematics. 



Finally # we share a widespread concern for the 
tion of the culturally disadvantaged child and of the 
achievements 3 for whatever reason* are below accepted 
Such children require specially trained teachers* Wm 
what form this training should take, but we feel that 
proper concern of CUPM for the future. 



special educa— 
child whose 
standards . 
do not know 
this is a 
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APPENDIX I. COURSE GUIDES FOR LEVEL I 



INTRODUCTION 



Two sequences, each consisting of four courses ? arc outlined 
here in detail. One reason for presenting two different sequences 
is to illustrate our earlier claim that there are various ways of 
organising the material* We have no desire to be prescriptive or 
definitive with respect either to course content or* to the ordering of 
material. The outlines are to be construed as models only of the 
content and depth of coverage that we believe will be possible in the 
best circumstances* We do believe that the material presented approx- 
imates that which a really first-rate teacher of elementary school 
mathematics should know , 

We regard either sequence as a way of achieving an integrated 
curriculum. In the first sequence the courses do not emphasize any 
particular single area of the traditional curriculum. Thus, arith" 
met ic and geometry are both developed throughout the entire sequence* 
Each figures prominently in all four courses* Xn the second sequence * 
on the other hand, the emphasis is on number systems in the first 
course, geometry in the second, mathematical systems and Induction in 
the third , and functions in the fourth* In both sequences course 

contains topics from most of the areas identified as essential in the 
recommendation on page IQ* By the end of the second course in either 
sequence the student will have met most of the topics that we consid^ 
er essential for the elementary teacher, although not at the depth 
or in the detail preferred- Indeed, throughout both sequences the 
reader must be careful to interpret the statements of topics to be 
covered as referring to a treatment appropriate to the level of the 
student, and not a definitive treatment such as would be accorded to 
such a topic if encountered at a higher level- Typical places where 
there is danger of misinterpretation are Section 5 of Course 2 in the 
first sequence (Operational Systems and Algebraic Structures) and 
Section 1 of Course 2 in the second sequence (Intuitive Non-metric 
Geo me try j - 

The unification of the four courses of each sequence requires 
the use of a coniinon language for the expression of mathematical ideas . 
For instance, the concepts of set, function, and operation are intro- 
duced early and used throughout* Logical terms are introduced and 
used where appropriate . 

Each section of a course guide has a suggested time allocation 
stated as a percentage of the course* These time allocations indi= 
cate first the balance of the sections within the course, second the 
depth and detail of treatment of the topics listed under each section 
heading. Thus they should enable the reader to judge the level of 
treatment and avoid the danger, already referred to, of giving a more 
comprehensive (or, perhaps, more superficial]) treatment than intended* 
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It must toe kept: in mind that a prospective teacher is pro- 

foundly influenced toy what he observes and experiences as a student . 
Later his own methods and philosophy of teaching will reflect that 
experience,. Hence, it is of paramount importance that these courses 
be conducted in a manner which encourages active participation in 
mathematical discovery. Frequent and substantial assignments which 
expose and drive home the attendant manipulative and computational 
skills should also be the rule* 



SEQUENCE 1 

Sequence 1 consists of the four courses 

1 * Number and Geometry with Applications 1 

2* Number and Geometry with Applications II 

3. Mathematical Systems with Applications I 

4. Mathematical Systems with Applications II. 

Course 1 begins with some intuitive geometry so that the concept of 
a number line is available immediately* Then arithmetic and geometry 
are developed throughout the entire sequence; the interaction of 
these two areas of mathematics enriches both subjects* Nevertheless , 
there are occasions when each area is developed within its own con- 
text, In particular, the algebra of the rational numbers is applied 
extensively to the theory of probability and statistics without 
reference to the geometric aspects of the number line. 

A feature of this sequence is the adoption, to a limited ex- 
tent , of the spiral approach* Thus , certain notions, such as exten- 
sions of the number system and the group of rigid motions , reappear 
several times, each time at a higher level of sophistication and with 
enhanced mathematical knowledge at the disposal of the student. An 
important practical advantage of this approach is that 5 the student 
who takes only two or three courses of the sequence will have met 
most of the important mathematical concepts. In such cases, however, 
the depth of understanding is less than desired. 

Some simple logic is introduced where appropriate to enhance 
the student's understanding. At the end of the sequence the student 
should understand the nature of mathematical reasoning and proof. 

Again, we stress the importance of interpreting the Course 
in the spirit of the comments made in the Introduction, pages 
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Course I : 



1 Elementaxy Ideas of Space # Measurement , and. tbe Number 

Line C20%5 

2. The Rational Number System and Subsystems f60%3 

3. Probability, Statistics, and Other Applications C20%5 

Course I is concerned with the study of the rational numb er 
system. It commences with the most Intuitive geometrical notions * 
from which attention is focused on number line and its role as a 

representation of the set of whole numbers. This approach enables 
the arithmetical and geometrical aspects of elementary mathematics to 
be developed from an integrated standpoint emphasising their comple- 
mentarity. It is a particular feature o i the number line that nega- 
tive integers are thereby immediately suggested and readily studied; 
this ensures that the development of the number system follows a path 
which is mathematically natural. The twin approach also enriches the 
scope for interpretation of the operations of arithmetic. At this 
stage these operations and their properties are motivated through 
physical models. 

Applications of the arithmetic of the non^na gative rationals 
to the mort intuitive ideas of probability and statistics are given. 
Further applications of the arithmetic should be a feature of the 
course , 

The language should be informal f but it should be such that a 
transition to precise mathematical language can be naturally effected. 
In particular, the student should be prepared for the function con- 
cept through the use of appropriate language. Those students who 
have not already met the notions of sets and functions may require 
more explicit introductions to these concepts. 



1 , Elementary Ideas of S pace , Measurement , and the Numb er Line 

C2G%3 

Intuitive development of geometric figures in the plane and 
space, first as idealizations of familiar objects and then as sets of 
points; an intuitive development of incidence relations and some 
simple consequences; congruence developed by use of slides and flips 
of models of figures leading to turns as another means of preserving 
congruence and with attention also to parallelism, perpendicularity, 
and symmetry; consideration of measurement of segments with various 
units and the beginning notion of approximation; informal introduction 
of the number line. 



2 , The Rational Number System and Subsystems Cb0%3 

Introduction of the set W = {O, X, 2, 3, , .,1* of whole num- 
bers , from sets of objects; addition in W from disjoint union, multi 

* A glossary of symbols is included on page 46, 
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plication in W from Cartesian products (treated informally); counting 
as the link between sets and numbers; place value systems and decimal 
numeration of whole numbers (reinforced by examples with non- decimal 
bases); properties of operations in W from observed properties of 
operations on sets , including order properties; algorithms for compu- 
tation in W (include use of flowcharts); simple closed and open 
mathematical sentences } including inequalities. 

Coordinate nation of the half— lino with W; addition in W as a 
vector* sum, using slides of the number line; subtraction in W as a 
slide to the left to introduce the set Z of integers; properties of 
addition and order properties in Z ; mathematical sentences in Z„ 
(Multiplication by negatives is delayed until the set of rationais is 
developed, ) 

Factorisation in IV , prime factorization^ unique prime factori- 
zation, some simple divisibility criteria, the Euclidean algorithm; 
mult ip 1 i cat ion and division of integers by whole numbers introduced 
through experiences with the number line; greatest common divisor and 
least common multiple. 

Introduction of the set Q of rationals through division by n, 
n € W and n ^ O, as shown on the number line; change in scale of the 
number line and its use in measurement; equivalence classes of symbols 
for rationals; coordinatization of the line with Q; ’ ntroduction to 
the question of completeness. 

Addition in Q suggested by slides of the number line; multipli- 
cation of a rational by a whole number suggested by slides of the 
number line; multiplication by a positive rational suggested by 
stretching and shrinking; multiplication by a negative integer sug- 
gested by multiplication by a whole number followed by a flip; multi- 
plication in Q; algorithms for computation in , properties of addi- 
tion and multiplication in Q, and order properties in O , 

Decimal numeration of Q; percentages; integer exponents; 
scientific notation; orders of magnitude; algorithms and flowcharts 
for computation in Q; mathematical sentences. 



3 * Probability, Statistics, and Other Applications (20%) 

Examples of statistical experiments in finite event spaces and 
outcome sets , leading to counting procedures for determining 
the number of outcomes of various kinds of compound events (use tree 
diagrams); sampling problems with and without replacenients , leading 
to combinatorial devices for counting sanples ; relative frequencies 
of events in an experiment and stability of relative frequencies; 
assignment of probabilities to singleton events and t© disjoint 
unions and intersect ions of events through addition and mult ini i cat ion 
in Q + . 
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Qfh,"r applications, e*g-s measurement 
and loss, expectation and risk , percentages , 
figures, and approximation. 



, constant rate, profit 
estimation, significant 



Cours e 



2 ; Number and Geometry with Applications I T 



1, Functions (5%) _ . _ r->n?.-\ 

2, The Rational Number System and Subsystems CZOnj 

3, Geometry (35%) - a - 

4 Real Numbers and Geometry (10-6) 

5. Operational Systems and Algebraic Structures (10^ 

6. Probability, Statistics, and Other Applications C2 <0 

Course 2 is designed to give a genuine mathematical treatment 
of ideas introduced and studied at a more Intuitive level Course 1. 

The language of functions is established; this enables the solution 
of linear equations over Q and Z to be investigated systematically. 
Then the Interrelationship between geometry and algebra again becomes 
evident in the study of symmetries, rigid motions, and se.s with 
Spliwiois. A.lh/ S ™ il-. question connected with measurement 
are studied, thus ensuring that the material can be usefully applied, 
explicit reference to problems of approximate calculation involving 
large amount s of data can lead to consideration of computer programs. 

The Pythagorean relation prepares the way for the introduction 
of irrational numbers and a preliminary discussion of real numbers. 

I d a hem are difficult , and no attempt should be made to give 
complete* proofs^nevemheless . the topic should be explored extensive- 

iy- 

Algebraic structures are defined, but studied only in familiar 
examples (including modular arithmetic). Further study of probability 
is included, beginning with s study of P^mutetions 
and combinations which employs the function concept and presents 
systematic counting procedures * 



1 , Fu nctions ( S % ) 

The function concept (motivated by examples from Course 1) , 
and onto properties of functions; relations (motivated by 



one^one 



Examples from Course" 1) with emphasis on equivalence and order r ®*f. 

- functions on Cartesian products of form 



t ions - 
X x X. 



Binary operations as 

Power sets ; unions, intersections and complements as opera- 
tions; the functions 2 X + 2 Y and ^ ■* = X induced by a function 
X -*• Y. 



2 . 



The Rational Number System and Subsystems (2Q-o) 



Review of properties of Q with some arithmetical proofs; 
properties of 2; 2 as an ordered integral domain; realization that 
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I 



Z is 

Q- 



not closed under division, with the clos 



lire ©f 



leading to 



t i z at i on°of he ^ 1 an e °wi th 2^ ^nd^he^Q 2 ? “nd then ~ lth . Q i coordlna= 
space with Z 3 and Q 3 , n Q , and coardinatization of 

3* Geometry C3S%) 

ob j ,crs R »d e ^ 0 f.fr~':oi e „S*S“ “ Of £„!«„ 

symmetry; review of congruence parallel f eView rigid motions and 
croups of symmetries „ f ',n 

Class ification°of°ri aid motf onl"’™*' P”“ rve ,»«>««.. of segments; 
understanding of group proporti« ' of'ISri^lf tlV * 

Review of measurement of seerm^nt-^ **, ,- *.t, , r ~ 
pies of measurement* Drincinlpq ll ^ various units | princi- 

area, angle measurement vo?™ ■ measurement applied to length, 
ment related to rectangles trianole«° Xl ' IB ki 0n ’ formulas for measure- 
proximate calculation 1,'tt 8 right prisms, pyramids. Ap- 

for the arca of f«ctangK g0rea " relsrtion through the formula 

^ * Real Numbers and Geometry (10%J 

represent! ^lengths S^Sgment^' 1 measurement » inadequacy of O for 
segments with irfatfonflml?® demonstrated by construction of 
fuse of Pythagorean relation! ^T-r istance between points in Q 2 
terms of Lstfd f^ervifj “d'non"^ 0 ' d V ctl ?« °f ^eal numbers in 

irrational points on the number line^nfinife^lc”* 1 ? ? locat: i on of 
sequences of aMroximatiho + * infinite decimals regarded as 

and multiplication in P b5 ; lnfolrmal definition of addition 

mala * distance^nR 2 1 y o f ° f approximating terminating deci- 
, . ‘ ln h * use of unique factorization to prove the 

irrationality of /2 ^^ 3 " 

numbers* distance 2 !^ 1 ^" ° f Soluti 106 * *” e * and Space wit:h the real 
ties and graphs '^ ^ 
m R 3 as intersections of planes. * solution of linear equations 

- as « 1 ?SJiS.J*2SbSr ° f thG Perimet " and ««• of a circle ; 



5 ’ Operational Systems and Alg e braic Structures (10%) 

P iic«ior»“ sf, p s5:rjn«f«,i h r n , ?is“^K, o i’y^i i s7 
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definitions of group, ring, integral domain , and field, with examples 
drawn from subsets of Q , groups of rigid motions, groups of symmetries 
of a figure, power sets. 

Arithmetic mod m as an operational system; contrasted with W, 

Z, and Q (closed under additive inverses, closed under multiplicative 
inverses when m is prime, divisors of zero when m is not prime, 
absence of compatible order relation) ; applications to the arithmetic 
of W (e, g, , Fermat 1 s theorem, Wilson’s theorem, casting out 9 f s), 



6, Probability, Statistics, and Other App 1 i cat ions (20%) 

Permutations and combinations ; randomness of a sample and 
tests of randomness; examples of applications of random sampling 
(using random number tables) to estimation of populations, quality 
control , etc. 

Measures of central tendency in lists of data and possible 
measures of spread of data. 

Random walks and their applications; assigning probabilities 
to compound events with applications; conditional probability. 

Other applications, e*g., area, volume, weight, density; con- 
structing an angle whose measure is times the measure of a given 

R 

angle . 



Course 5; Mathematical Systems with Applications I 

1, The Rational Number System (1S%) 

2, The Real Number System (5%) 

3, Geometry (35%) 

4, Functions (15%) 

5* Mathematical Language and Strategy (15%) 

6* Probability, Statistics, and Other Applications (15%) 

In Course 3 the process of extending the number system from 
the whole numbers to the rationals ? which has been explained and 
motivated in previous courses from both geometrical and arithmetical 
considerations, is carried out as a piece of formal algebra- Poly- 
nomials are also studied. Then algebra and geometry each provide 
examples of small deductive systems to illustrate the nature and 
power of the axiomatic method. The Pythagorean relation is available 
in this course, so that Euclidean geometry may be carried out in the 
coordinate plane. Vector notation and methods are studied, and there 
is sl discussion of the generalisation of coordinate geometry to three 
dimens ions . 
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Algebraic concepts are also exemplified by the study of the 
group of Euclidean motions and certain subgroups, thereby enriching 
the notion of subgroup with concrete examples. The trigonometric, 
exponential , and logarithmic functions are defined and studied in 
their own right and in view of their applications. There are some 
explicit discussions in this course on mathematical methods, covering 
such topics as proof, conjecture, counterexample, and algorithms, 
together with a review of appropriate logical language. Probability 
th eory is itself developed from an axiomatic standpoint , experience 
of its practical nature having been gained in previous courses. 

1, The Rational Number System (15%) 

Formal construction of Z from W and of Q from Z. 

Polynomials as functions and forms; Q[x] and Z[x] as rings; 
the degree of a polynomial; substitution; quadratic equations. 

Description of proof by induction in W with examples; applica- 
tion to number=theoretie properties of 2, e.g., divisibility proper- 
ties , Fundamental Theorem of Arithmetic; Euclidean algorithm; similar 
applications to Q[xj ; remainder theorem. 

2 * The Real Number System (5%) 

Review coordinatization of the line with R; approximation of 
reals by nationals ; addition and multiplication in R through rational 
approximation; the field of real numbers * 

3 . Geometry (35%) 

Review of coordinate geometry of the real plane; distance; 
graphs of linear equations in two variables. 

Plane vectors from translations; vector addition as the compo= 
sition of translations; multiplication by scalars; vector equations 
of a line (with resulting parametric and general form of the equa- 
tions); conditions for parallelism and perpendicularity in coordinate 
representation; appropriate generalization of these ideas to three 
dimensions » 

Examples of groups and subgroups drawn from geometry, e.g. , 
the group of similarities with the subgroup of rigid motions, the 
group of rigid motions with the subgroup o£ rotations about a point, 
the group of rotations with the subgroup of cyclic permutations of a 
regular polygon* 

Similarities and the representation of similarities as compos- 
ites of magnifications and rigid motions; similar figures. Con- 
structing the points which separate a segment into n congruent parts. 
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Equations of circles and the beginning notions of trigoiiomet = 
rie functions s 

Small deductive system in plane geometry , e,g. , incidence 
properties from postulates of incidence or some constructions from 
postulates of congruent triangles, or some angle measure properties 
from postulates of incidence, paral lelisnij and segment and angle 
measures . 



4. Functions (1^%) 

Review of real-valued functions and their graphs; inverses of 
invertible functions; graph of an invertible function and its inverse 

Beginning notions of exponential functions and some of their 
properties; applications of these ideas, e.g* * growth and decay; 
logarithmic functions; application of logarithmic functions to approx 
i mate calculation and construction of a slide rule. 

Definitions and graphs of the trigonometric functions with 
emphasis on periodicity* 

5 , Mathematical Language and Strategy ( 1 5 % ) 

Review of the language of connectives , the common tautologies , 
and the relation of some of the % notions to set union, intersection, 
complementation, and inclusion* 

Universal and existential quantifiers; denial of a mathematic 
cal statement;, counterexamples. 

Examples from previous sections of direct and indirect proof 
and of proof by induction; selected new topics to illustrate proof 
by induction (e * g - * binomial theorem for positive integer exponents; 
number of zeros of a polynomial; sums of finite series); explicit 
contrast with inductive inference, role of hypothesis, conjecture. 

Examples of algorithms and flowcharts* 

6 - Probability, Statistics, and Other Applications (13%) 

Postulates for a discrete probability function and some conse- 
quences proved for probabilities of compound events; random walks and 
their applications* 



Computation of measures of central tendency and variance; 
simple intuitive notions of statistical inference, tests of signifi- 
cance, frequency distributions, passage from discrete to continuous 
variables , normal distribution; application of statistical inference 
to real lif© situations, e.g., opinion polls, actuarial tables, 
health hazards, 
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Course 4 : 



Math emat i cal Systems with Applications II 



1 . Geometry (30%) 

2. The Real and Complex Number Systems (1(3%) 

3* Operational Systems and Algebraic Structures (40%) 

4. Probability * Statistics, and Other Applications (20%) 

Course 4 consists of a systematic study of pre-calculus mathe- 
matics. Linear algebra in R 2 and R 3 , as vector spaces and as inner 
product spaces, leads on the one hand to matrix algebra and on the 
other to the standard trlgonomctri c identities. The algebraic method 
in geometry is contrasted with the synthetic method. The real num- 
bers R are presented as the completion of the rat ionals , and the 
extension of R to the field C of complex numbers is motivated and 
des cribed . 

Abstract algebra occurs in the course- - a beginning study is 
made of abstract group theory — but emphasis is on familiar examples 
of the various algebraic systems, for example, the integral domain of 
polynomials over Z, Q, Zp (p prime). The key notion of homomorphism 
of algebraic structures is introduced; among the examples treated 
are the logarithmic and exponential functions which are seen to be 
mutually inverse isomorphisms. 

Frequency distributions form the main topic of the probability 
and statistics component; although the course remains essentially 
concerned with discrete probability spaces , the normal distribution 
is mentioned here. Applications of the preceding theory are made to 
problems of approximation and error. 



1 , Geometry (30%) 

Coordlnat i z at ion of space with R 3 , distance in space, first 
degree linear equations in three variables; vectors in space, vector 
addition, scalar multiples of vectors in R 2 and R 3 , description of 
the vector spaces R 2 and R 3 ; norms of vectors, inner product, defini- 
tion of the inner product (or Euclidean) space R 3 , relation of cosine 
to the inner product; definition of the vector product in R 3 , triple 
scalar product and volume; the idea of closeness in R 3 , with some of 
the simpler topological properties of this metric space. 

Definition of linear transformations of R 2 and R 3 ; orthogonal 
transformations; matrix representation of linear transformations of 
R 2 and conditions for orthogonality; matrix multiplication suggested 
by composition of linear transformations ; representations of rota- 
tions in the plane by orthogonal matrices, L ading to the standard 
trigonometric identities . 

Invertible linear transformations of the plane with coordinate 
representations; rigid motions, magnifications , and other subgroups 
of the group of invertible linear transformations; representation of 
similarities in R 2 by matrices « 
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Analysis of the roles of synthetic and analytic methods in 
geometry, e.g,, properties of circles, coincidence properties of 
triangles , 



2 . The Real and Complex Number Systems (1°%) 

Algebraic extensions of Q; algebraic and order properties of 
r j discussion of the completeness of R. 

Extension of the real number system to the field C of complex 
numbers; failure of order relations in C; graphical representation 
of C in R 2 . 



3 , Operational Systems and Algebraic Structures (40 -d) 

System of polynomial forms over Q, its integral domain proper- 
ties, factorization; Euclidean algorithm and appropriate flow dia- 
gram; factor theorem; elementary theory of polynomial equations, 
comparison with theory for polynomials over (p prime! , 

Exponents, extension of exponential functions over Q tu 
functions over R, with graphs; rational functions over Q, over 
Cp prime); Newton’s method of approximating zeros of polynomials 
(no differential calculus) and appropriate flow diagram. 

Subgroups; Lagrange's theorem; applications to elementary 
number theory (Fermat's theorem and Euler's theorem); commutative 
groups, quotient groups of commutative groups; application to Z n * 



Homomorphisms of algebraic structures with many examples* 
identification of those which are one-one, onto* definition of 
morphism as invertible homomorphism; one-one and onto homomorphisms 
are isomorphisms* isomorphic systems, e.g., Z 4 and rotational symme- 
tries of a square, the positive reals under multiplication and the 
real rummers under addition. 



4 , Probability, Statistics, and Other Appl ications^ (20%) 

Review of sample spaces, probability functions, random walks ; 
discrete binomial distributions; statistical inference and tests of 
significance; other frequency distributions with applications eg. , 
rectangular, Poisson; normal distribution (treated descriptively). 



ratio , 
errors 



Application of the number system Q to 
proportion, variation; approximation, 
in sums, errors in products; Bayesian 



problems in scaling, 
errors in approximation, 
inference „ 
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SEQUENCE 2 



Sequence 2 consists of the four courses 

1- Number Systems and Their Origins 
2* Geometry, Measurement * and Probability 
5* Mathematical Systems 
4 - Fun ct i ons * 



Each course contains topics from most of the areas identified in the 
general description of the Level I Recommendations [algebra the 
function concept , geometry, mathematical systems, number systems 
probability, deductive and inductive reasoning). While interrelation 
ships among these topics are explored in the spirit of an integrated 
our-- culuni, each of the four courses, nevertheless, has a special 
emphasis or focus. The emphasis in the first course is on number 
systems, the second on geometry, the third on mathematical 
and the fourth on functions . 



systems , 



* Although the special character of each course can be suggested 

Woxds * it is a mistake to assume that any course is narrowly 
defined by its title. In fact, by the end of the second course the 
student will have met the full breadth of topics considered essential 
t, “ e elementary teacher* He will not * however, have reached the 
dep tn of understanding desired. 



Guides 

23-24. 



Again, we stress the importance of interpreting the Course 
in the spirit of the comments made in the Introduction , pages 



Course 1: Number Systems and Their Origins 

1, Sets and Functions (1S%) 

2, Whole Numbers (45%) 

3 * First Look at Positive Rational Numbers ( 10 %) 

4. First Look at Integers (5%) 

5. The Systems of Integers and Rationals (25%) 



Course 1 features integration of arithmetic and algebra with 
supp I omenta ry assistance from geometry. The number line is thought 
of as a convenient device for representing numbers, order, and opera- 
tions . Rational numbers are introduced in the context of comparing 
discrete rather than continuous sets (though brief reference is also 
made to the rational line). Algebraic similarities and differences 
between the number systems are emphasized. In particular, the sys- 
tems of integers and rationals are studied in parallel. Algorithms, 
flowcharts, and manipulative rules for the various number systems are 
not only justified by referring to physical or schematic models but 
fi S f*, 0r ® S /r° n as consequences of the algebraic structural properties 
of the number systems - The whole number system receives much atten- 
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tion , as its algebraic properties (and its al gori thms ) recur in only 
slightly altered form in the systems of integers , rationale* and 
reals . 



1. Sets and Functions (15%) 

Review* at an intuitive level, of the basic concepts associated 
with sets and functions in order to establish the language and nota- 
tion that will be used throughout the course. (For most students 
this will be a review of things they have seen repeatedly since 
junior high school.) Set concepts covered are- membership* inclu® 
sion, and equality for sets; various ways of describing sets (rosters* 
set“builder notation, Venn diagrams); special subsets that often lead 
to misunderstanding (empty set* singletons* the universal set) ; eom- 
mon operations on sets (intersection* union, complementation* Carte- 
sian product); illustration of the above concepts in various ways 
from real objects and from geometry. 

The connection between set operations and logical connectives ; 
for example, "ur," "and," and "not" are related to union and inter- 
section and complement while the inclusion relation "A B" is related 
to the implication "x € A € B." (In this first introduction of 

logic, the treatment should be very brief and informal, but the lan- 
guage is necessary for subsequent use,) 

The major function concepts to be covered include an intuitive 
rule -of- assignment definition; various ways of specifying this rule 
(arrow diagram, table, graph, set of ordered pairs, formula); notions 
of domain and rang©; input -machine- output analogy; one-one and onto 
properties; one-one correspondences between finite sets and between 
infinite sets; brief look at composition and inverses with a view 
toward later ties to rational arithmetic- (Real and geometric 
examples should be used.) 



2. Whole Numbers (45%) 

Whole numbers are motivated by a desire to specify the "size" 
of finite sets, numerals and numeration systems by the inadequacy of 
verbal "symbols" for nuirtoers; the Hindus Arabic numeration system 
contrasted with historical and modern artificial numeration systems 
in order to emphasize the roles of base and place value; order among 
whole numbers related to the process of counting and to the existence 
of one-one or onto functions between finite sets; order in W repre- 
sented schematically by the position of points on a whole number 
line- In the construction of this "line" the concept of congruent 
point pairs arises naturally. 

The operations of addition and multiplication related, with 
counting as the link* to the set operations of union and Cartesian 
product (e.g., the use of multiplication in determining the area of 
a rectangle) ; multiplication also related to repeated addition and to 
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■ • +he numb er of outcomes in a multi-stage experiment (the 

determining the ™_ p n be lllustra t-d) ; addition and 

product formulas for C r . iy in the uSU al vector fashion 

Tffig'srasssrtf «s: 

The algorithms of whole manipulating and 

Cas in the elementary cl f S f ”° m) dla g ram for division via repeated sub- 
grouping finite s * ts - ^ ^ who ie numbers with their operations a 
traction can he given.) The who i t the algebraic properties 

oxdex now viewed as a mat: * n finit© sets and set opera 

SfXlSh are motiv.t.d by x “ from an 

tions; tha algorithms ” h ?i| t "£ 1 ed on the basis of notational oon- 
internal point of view and stxuc tural principles. The impor 

vent ions and fundamental a lgebrai should be emphasized as 

tanee of estimating products ana quo 
the algorithms are studied. 



3. 



First at Positive Ra tional Number^ C10%) 



Fractions motivated by a desir a se t of favorable out- 

If a probabilistic flavor is desired, , C °f P a m0 re conventional approach 
comes with a set of possible a Utc_ » d wtth fractions viewed as 
is desired, "ratio" situations can ^respond, in a sense, to disjoint 
operators, addition continues' to cort P cotnposlt ion; fractions rep- 
tmlon , while multiplication ctors on a number line, and 

resented schematically aspoint rules for manipulating fractions 

the operations viewed 5 ox thematic representations, 

motivated initially from P h y“^ c |f 0 ® 3 o£ equivalence classes of 
Rational numbers appear as „ rm , e rtU-B of the system of rat ion a 

fractions, and some algebraic p - P a f examp i es ; the algebraic struc- 

numbers can be motivated y p detail. CThe embedding of W in Q 
ture of Q + is not explored in data: r t f x struc tural invest iga- 

sidered briefly with a light touch.) A * 
tion deferred until the full system a PP 



First Look at Integers (5%) 



_ _ _ „ DTofit” lOSS j 

integers suggested by some real the given 

up-down, etc; addition corresponds to - P^r con3ldered as repeat- 

properties e identi£ied S Md°motivat^d|^^he embedding of the whole 
nunbers in Z introduced, but only 1 g Y 



The Systems of Integers and R ational^ (20%) 



Following a b | ief re ^ bh °f e J he eqSa?iln® nud°solut Loti set (or 
variable, replacement set, truth set, eq 
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perhaps only the last two) a systematic* parallel exposition of the 
algebraic structures of 0 and Z in terms of solutions to equations is 
possible, (-a represents the unique solution to a + x 0, 1/a rep- 
resents the unique solution to ax *= 1 (a / 0) * b - a = b + (-a) * 

b/a - b x 1/a) ; all the familiar rules for manipulating minus signs 
and fractions follow. The two important unique representations of 
rat ionals-- as fractions in lowest terms and as (all but one type of) 
repeating deci mala- -can be illustrated and computational rules for 
(finite) decimals justified* several non-repeating infinite decimals 
described- The work on fractions in lowest terms will involve a cer- 
tain amount of number theory* which should be done on an ad hoc basis 
Rev: of the concepts of divisibility and prime; the Fundamental 
Theorem of Arithmetic illustrated and then assumed, (In Course 3 
this principle may be proved,) 



Course 2 1 Geometry * Measurement* and Probability 

1, Intuitive Non-metric Geometry (23%) 

2, Intuitive Metric Geometry (25%) 

3, Probability (20%) 

4, Further Geometry (20%) 

5, The Real Number System (10%) 

In Course 2 the system of positive rational numbers reappears 
in two new contexts; in the context of geometric measurement* where 
continuous sets are being compared* and in the context of probability 
where discrete sets are being ’’measured , ,f Thus the system of posi- 
tive rational numbers and the concept of measurement act as unifying 
threads. But the major blocks of new content covered are in geometry 
and probability. 

Many opportunities for tying together these areas present 
themselves. For example, in the initial work in geometi’y which inevi 
tably is concerned with establishing terminology and notation* combi- 
natorial problems can be inserted to make the content more interest- 
ing, Later a probabilistic technique for approximating it could be 
given. Also* while studying probability, geometric representations 
can be given for many situations. For example* random processes are 
simulated by spinners, and experiments involving repeated trials are 
represented by random walks. 

The geometry and the probability in this course are presented 
in a rather intuitive, non-deduct ive fashion. The main purpose here 
is to present the elementary facts in these areas* not to investigate 
their logical structure. Course 3 re-examines both areas from , a more 
rigorous, deductive point of view. 

The field of real numbers is also discussed to some extent in 
this second course. 
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Intuitive Non-metric Geometry (25%) 

Geometry viewed as the study of subsets of an abstract set * 
called space, whose elements axe called, points ; the subsets axe 
called geometric figures; drawing conventional pictures of points * 
lines, and planes suggests incidence relations. Some of the logical 
connections between various incidence properties explored. (The 4= 
point geometry might be introduced here, but axiomatics should not 
receive much emphasis in this course.) The standard terminology 
associated with incidence (coliinear, coplanar, concurrent , parallel , 
skew, , * *) reviewed in a combinatorial context (e.g. , into how many 
pieces is the plane partitioned by n lines no three of which are con- 
current and no two of which are parallel?) . Further geometric 
figures (half lines; rays; open, closed, and half-open segments; half 
planes, half spaces, plane and dihedral angles and their ' nteriors 
and exteriors) defined in terms of the basic figures --points , lines , 
pi ines ; the set operations ; the intuitively presented notions of 
(arcwise) connectivity and betweenness. The standard notation for 
these figures reviewed, using combinatorial problems for motivation 
(e.g. , how many angles are "determined” by n points no three of 
which are coliinear?) . 

The ideas Of polygonal and non=polygonal curves, simple curves, 
simple closed curves, and the interior of a simple closed curve pre- 
sented intuitively along with a few other topological and geometrical 
concepts such as dimension of a figure, boundary of a figure, con- 
vexity; polygons , polyhedra , and Euler f s formula. 

Congruence introduced intuitively In this non-metric setting 
as meaning same size and shape* At this first contact, the notions 
of measurement and distance avoided. The natural development of 
ideas seems to be: congruence which leads to a process of measuring 

which in turn suggests the existence of a distance function . Perhaps 
here, but probably more appropriately in Course 3, a definition of 
congruence in terms of distance can be given. Congruence of seg- 
ments, angles, and other plane and spatial figures, with porpendicu= 
laxity introduced in terms of congruence of adjacent angles. 

Congruence in the plane viewed in terms of intuitive notions 
of rigid motions of the plane (slides, turns, flips, and their compo- 
sitions) * Symmetries of figures in terms of invariant point sets and 
rigid motions. The composition of rigid motions is a rigid motion 
and the inverse of a rigid motion is a rigid motion. The group con- 
cept introduced to tie together algebra and geometry,* A fuller 
treatment of transformation geometry is suggested in Course 4. 



2, Intuitive Metric Geometry (25%) 

The process of measuring described in terms of filling up the 
set to be measured with congruent copies of a unit and counting the 
number of units used- Illustrated for segments, angles, and certain 
plane and spatial figures. Integrally non-measurable figures (with 




respect to a given unit) introduced and the positive rationals used 
as operators endowed with stretching-shrinking or repli eating- 
partitioning powers* The rational number line reinterpreted in terms 
of segments and lengths, briefly showing the existence of rationally 
non “measurable segments and the real number line; a non-repeating 
infinite decimal exhibited and the theorem on decimal representation 
of irrationals recalled. The assignments of numbers to figures view- 
ed as functions; observation that such measure functions are additive 
and invariant under congruence. The domain of segment measure 
functions extended to the domain of polygonal curves by additivity; 
perimeters computed. The additivity property applied to partitioning 
techniques for finding area; some familiar area and volume formulas 
derived (triangles, parallelograms, prisms, pyramids). The formula 
A s £ x w for rectangles with irrational dimensions illustrated by 
drawing inscribed and circumscribed rectangles with rational dimen-* 
sions. Plausible limiting arguments presented fox circles and 
spheres; irrationality of if. The angle-sum theorem for triangles 
verified experimentally and then extended to convex n- gons by iriangu- 
1 alien; the subsequent results about the various angle measures in 
regular polygons applied to making ruler-protractor drawings- Use of 
these measuring instruments suggests investigation of practical ver- 
sus ideal measurement. Various units of length, area, angle, volume 
measurements and conversion factors relating them; the inevitability 
of approximation in practical measurement and the usage of such terms 
as "greatest possible error," "precision," "accuracy," " relative 
error." The various notational conventions in use for reporting how 
good an approximation is: significant digits, ± notation, interval 

of measure, scientific notation. 



3. Prob abi li ty (20%) 

Various single and multi-stage experiments with discrete 
sample spaces considered and represented geometrically (trees, walks, 
spinners) ; large sample spaces and events "counted" using permutation 
and combination techniques. The terminology- -sample space, outcome, 
event --‘Compared with the terminology of geometry- -space, point, 
figure; the assignment of probabilities to events compared with the 
assignment of lengths, areas, etc., to geometric figures. Both in- 
volve a comparison of two sets; the rational numbers are the indi- 
cated algebraic system, A^ priori assignment of probabilities (from 
shape of die, partitioning^ of spinner, constituency of urn, . . . ) 
compared with ji posteriori assignment (long-range stability of rela- 
tive frequency of events) . The assignment of probabilities to events 
in terms of the point probabilities of their constituent outcomes, in 
the finite case, leading to additivity of probability measures; Venn 
diagrams used to illustrate the connection between set operations and 
logical connectives and to suggest the useful formulas, 

P ( A U B) - P (A) * P(B) - P ( A H B) and P(A) - 1 - P(A') , 
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Conditional probability and independent events; problems involving 
multiplication along the branches o£ a tree. The connection between 

C 11 and the number of paths of a certain kind in the plane; the formu 
la C n p r Cl - p') n ^ r for r successes in n repeated trials deduced and 

used; Pascals Triangle (if not described earlier). The work on 
probability should include many exercises, as this may be the first 
contact with the subject for many prospective elementary school 
teachers * 



4. Further Geometry C20%) 

The simplest straightedge-compass constructions reviewed and 
related to the parallel postulate and congruence conditions for 
triangles (some proving of triangles congruent appropriate here) . 
Each straightedge- compass construction technique compared with a 
ruler-protractor drawing technique for the same figure. Some plausi 
bility argument for the Pythagorean Theorem, perhaps the one suggest 
ed by this sketch. 




The simplified congruence condition for right triangles stated. 

Some work on square roots is appropriate here: a proof, based on the 

Fundamental Theorem of Arithmetic, that is irrational or a whole 

number; an algorithm or two for computing rational approximations to 
/FT; a remark that the existence of square roots in Ft but not in Q is 
a tipoff that R must have soma extra fundamental property that Q does 
not have- geometric construction of a segment with irrational length, 
with respect to a given unit. Projection techniques for drawing 
similar triangles reviewed. Applications to scale drawing and to 
st raight edge= compass construction of the rational number line. Simi- 
larity conditions for triangles analogous to the congruence condi- 
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tions for triangles; for the ease of right triangles the 11 A A A’ ' simi = 
lari ty condition reduces to just M A’' . This suggests the calculation 
of trigonometric ratios and their use in indirect measurement , The 
Law of Cosines as a generalization of the Pythagorean Theorem, 



5 . 



The Real Number System (10%) 



A brief review of the properties of the reals in some non- 
formal way— e.g., R includes Q; enjoys the same basic properties of 
+j x, < that Q does but has one more property, namely, the least 
upper bound property. Use of this property to suggest but not prove 



the existence of v^Sl for all 
with rational exponents. 



€ R 4 



and all 



Some work 



Course 5: Mathematical Systems 

1, The System of Whole Numbers (25%) 

2. Fields (25%) 

3. Geometry (25%) 

4, Probability-Statistics (25%) 

In tlnis course certain portions of algebra, geometry , and 
probability are studied more deeply in a systematic, deductive way. 
Proof receives more emphasis than in Courses 1 and 2. Some of the 
concepts of logic itself receive explicit treatment, along with new 
results in algebra, geometry, and probability. 



1 . 



The System of Uhole Numbers (2 5%) 



The algebraic and order properties of W reviewed; the welh 
ordering principle introduced. Symbol ajb defined; proofs of some 
simple di vi s ibi 1 ity theorems such as a|b -==> a|bc, a|b and a|e — -* 
a|b + c . Various simple divisibility criteria of the base ten 
numeration system derived- Primes and prime factorization; the sieve 
of Eratosthenes ; checking for prime divisors of n only up vf\\ 

Euclid’s Theorem and Wilson* s Theorem. Unsolved problems such as 
Goldbach's conjecture and the twin primes problem. Other interesting 
odds and ends, e.g,, flgurate , deficient, abundant, and perfect 
numb ers s 

The important concepts of common and greatest common divisor 
(GCD) introduced and the existence, uniqueness, and linear combina= 
tion express ibi lity theorems for GCD derived. Techniques fpr finding 
the GCD (by listing all divisors, by the Euclidean Algorithm, from 
known prime factorizations); the least common multiple (LCM) , its 
existence and uniqueness proved, its relation to the GCD, and several 
techniques for finding it, (A flow diagram for the_ Euclidean Al- 
gorithm is appropriate here,) The concept of relative primeness and 
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the lemma iting that p I ab I I 

proof of the Fundamental Theorem^of Anlthmit' * leading to a 

proof of this theorem should be given usine the V vf the J a vigorous 
pie or mathematical induction, is debatabll th ® well -ordering princi- 
mental Theorem in reducing fracti™f nf j The USe o£ the Punda- 
tence of irrationals- Infer?! * % ? nd ln demonstrating the ex is- 
theorems of Euler ani might b ® d ® fi ” ed and the 

Fields C 25% J 

divisiof?n^ d ffe?S d d ^| d \^ t « e f- P-ototypes. Subtraction and 
Cp prime) defined and Sown to be Ili^d? l properties derived; 2p 
subtraction and division i 1 lus t rat ed ^Jai n in^h^ P ro P e «ies of P 
enough group theory interposed n ^ » -n context- Possibly 

theorem} to prove the theorems if S . Theoi ’ em > 0 ^er of element 7 

of solving a linear eqia??on ovSr a Held „ Fel ™ ' In the «««* 
can be studied; statement, equality vnrinb concepts of logic 

enco set, truth set; the unsolvabilit^ IT Tf ’ ? P ®" sen tence, «fer- 



With its solvability over R the comnl r " 2 ° ver 0 contrasts 

The statement of this property denen s ' en ® ss Property of R recalled, 
definition of an order!! ITHd abflracteS I C f Mpt o£ the 

of Q and R. Simple order properties -from familiar properties 

order able fin any decent sense) The To ? P W " to be un ~ 

reiation to the set operat ions 7 within the connectives and their 
equalities over fsavl R V * he context of solving in- 

transformations, Thi Archimede?n e a^i °P en sentences; equivalence 
derived; a short excurs Ton Tnlo TimTr a T"® Properties for R 
value theorem cited, behavior of polynomials 0 ? 31 ^ The intermediate 
ted; *“««■“ *"» uniqueness of 



3, 



Geomet ] 



C2S%) 



• feed is C ib*«Lrix“ m . *2 *• ^**4^ Plane *nd space 
incidence theorams proved and ^ 1 ed j” a finite model; simple 

iu «... context o? s^:«“oo " h ':^"" d in both "»*■■»• IliS.tr. 
congruence fsuperpositioni * process of °f concepts : 

lion, can be reversed in a measurement distance fune- 

distance function " tong^ntl dlflnl^^ geometry: postulated 

notion of betweenness used to define ravs & ^ mS ° f xt * Th® intuitive 
also defined in terms of distance- tha'n segments; betweenness 

few elementary betweenness properties postulate; proofs of a 

Birkhoff-SMSG approach is clrriedH! CThe depth to which this 
future elementary teacher it minhi- h & matter of taste. For the 
the deductive work in the spirit o^Euclld app F°Pf iat ® do most of 
time an implicit betweennes? IT ' poln1:xn S *»ut from time to 

subjects for short deductive Thai!! ?®"f. e * ssum PtionO Possible 
Straightedge-compass constructions- n!™!?^ trlan Sic congruence 
angle sums; area postulate! lid !n’ a P “ 2* transversals, and 

Theorem. P- nutates and an area proof of the Pythagorean 
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and 



Some flavor of other modern approaches to geometry , with atten- 
tion restricted to the plane: coordinat iE at ion of the plane , vector 

addition and scalar multiplication of points j lines as subspaces and 
their cosets, vector and standard equations for lines; Pythagorean 
Theorem and its converse. Law of Cosines, perpendicularity, dot 
product, norm, distance; isometry, orthogonal transformation, matrix 
representation of linear transformations, classification of orthogo- 
nal transformations , decomposition of an isometry into a translation 
and an orthogonal transformation. Alternatively, a coordinate- free 
study of transformation groups. 



4. Probability-Statistics C^5%) 



Review of the ,f natural M development of the terminology and ba- 
sic concepts of outcome, sample space, event, point probability f un c- 
tion, and probability measure; axioms for a probability measure. The 
possible backward rigorization in probability of the intuitive notion 
of !f equally likely outcomes* 1 as "outcomes having the same prob ab i Xity 1 * 



compared with the backward rigorization in geometry of "congruent 
ments" as "segments having the same length." It might be worthwhi 
to digress in more generality on equivalence relations, partitions 



functions, and preimages . After a few deductions from the axioms 
[PC©) ^ 0, P (A 1 ) = 1 - PC A) * P(A U B) - PC A) + P(B) - P C A H B)] , 

less emphasis is placed on deduction and further probabilistic con 
cepts and techniques are presented. The idea of s imulat ion by urn 
models, balls in cells, spinners, and the use of random number tab 
illustrated through a wide variety of problems. Permutations and 
combinations reviewed. More formal attention to combinatorial id 
tities such as 



s og- 
le 



1 es 
en- 



Cl + i) 



- l c 

1 = 0 



J k-i 



c 
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k * 



n- 1 

r 

L 

i = j 
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More work on conditional probability, repeated trials, and random 
walks. Simple problems in hypothesis testing ten tosses of a 

coin result in eight heads. With what confidence can you reject the 
hypothesis that the coin is honest?). Elementary expectation problems 
where expectation is thought of simply as a weighted average (e.g. , 
how much should one expect to win on a roll of a die if the payoff 
when n turns up is n 2 dollars?)- The same problem posed using a non- 
symmetric spinner instead of a die. Common distribution functions; 
measures of spread. 



Course 4 i 



Functions 



1 . 

2 . 

3. 

4 , 
5 . 
6 , 



Real Functions (1Q%) 

Algebraic Functions (20%) 

Exponential and Logarithmie Functions (15%) 
Transformations and Matrices (20%;) 
Trigonometric Functions (15%) 






and the Dot Product (20%) 



The purpose of this course 
Tying culmination t< 



satis - 



is two — To Id* to p re sent 
:o the four-course sequence and to prepare the 
continue in mathematics with a calculus course such as 
GCMC 1. Both of these goals are met in the context of a course 
centered around the function concept. Preparation for calculus is 
accomplished by studying special real functions, namely, the e lemon 
tary functions; study of special functions of the plane (affine 
transformations) provides an appropriate denouement of the four- 
course sequence by bringing together arithmetic, algebra, and 
in a transformation approach to plane geometry. 



geome- 



1 - Real Functions (10%) 

Brief review of the general concept of function from both the 
rule-of- ass i gnmen t and ordered-pair points of view; specialization 
to the ease where the domain and range are real numbers. Simple 
examples of functions --s ome artificial, some from science or business 
Graphing and reading graphs. Graphs of real functions make it easier 
to think of them as mathematical objects in their own right, subject 
to operations as are other mathematical objects. Addition, subtrac- 
tl0n . niu - X P * icat ion , division, and composition of functions viewed 
graphically as well as algebraically. Various additive and multipli= 
cat i vc groups of functions. One could look for rings, vector spaces 
or even algebras of functions if that much abstract algebra is ’ 
available. 



2 . 



Algebraic Functions (20%) 



Real functions spec3 aii zed to polynomial functions with 
emphasis on linear and quadratic functions. Slope and equations of 
Straight hnes, zeros Of polynomials, and the factor theorem. 
Graphical interpretation oi linear functions in the plane; geometric 
interpretation of linear functions on the number line in terms of 
* shr y ks . slides, and flips. ("This suggests considering 
analogous functions of the plane and presents a natural opening for 
the discussion of general mappings of the plane and then the special 
types of mappings which are important for geometry, namely, trans la- 
ions, rotations, magnifications, and reflections. A discussion of 
transformation geometry may be included at this Doint.) 



Increasing and decreasing real functions; there is no analo- 
gous concept for plane functions since the plane is not ordered. 

The completeness of the real number system and the intermediate 
value theorem done at an intuitive level; invertible functions , both 
in the context of functions of the plane and in the context of real 
functions* For real functions this leads to work with roots and 
rational exponents. Quadratic equations and various explicit alge- 
braic functions , 



3, 



Exponential and Logarithmic Functions Cl£>%} 



It is not reasonable to give a rigorous development of expo- 
nential functions- After adequate study of a x for x rational and 
after some geometric motivation, the existence of u x for x real 
should be assumed. The "laws of exponents" need emphasis* Other 
isomorphisms and homomorphisms recalled. Graphs of exponential 
functions and combinations thereof; logarithm functions defined as 
inverses of exponential functions , their properties derived from the 
properties of exponential functions; a minimal amount of computation 
al work with common logarithms. 



4 . Transformations and Matrices (20%) 



Having just completed computational work with some real 
functions, on© can naturally ask whether various functions of the 
plan© can also be given a concrete numerical representation* This 
leads to linear algebra and the study tin R 2 ) of vectors, dependence 
independence, basis, linear transformation, matrix representation of 
linear transformations, matrix multiplication, and transformation 
compos ition . 



5 . Trigonometric Functions (15%) 

The sine and cosine functions introduced by recalling the 
trigonometric ratios (Course 2); their definitions in terms of the 
winding function. The other trigonometric functions defined, graphs 
drawn, and questions of periodicity and invert ibi 1 ity entertained. 
Rotation matrix derivation of the addition formulas for sines and 
cosines. Proof of other trigononietric identities. The Pythagorean 
Theorem and its converse recalled and the law of cosines proved as a 
genera li z at ion . 

6. R 2 and the Dot Product £20%) 

The dot product motivated by the law of cosines as a measure 
of perpendicularity* The chain of ideas from dot product through 
length ^o metric traced. The central role played by this metric in 
currently popular axiomatic developments of geometry* The geometric 
and algebraic significance of the determinant function for 2x2 
mat ri ces . 
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Glossary of Symbols 
MEANING 
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real numbers 
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a divides b 

Greatest: common divisor 
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The set of all subsets of A 

The set of all polynomials in on© indeterminate with 
coefficients in A 



APPENDIX II. 



COURSE GUIDES FOR GEOMETRY 



INTRODUCTION 



Euclidean geometry will, o£ course, continue to be taught in 
out schools, but there is also a tendency toward basing the teaching 
o£ geometry on linear algebra, A fundamental reason for this is 
that such a course reveals the unity of algebra arid geometry in a 
way that the Euclidean approach does not. 

It is our belief that both approaches have sufficient interest 
for the prospective mathematics teacher that study of each should be 
required. We therefore include a suggested outline for each kind of 
course. As with the Level I Course Guides our intention here is not 
to be prescriptive but to present outlines which might be useful for 
interested persons in devising appropriate courses. For that reason, 
and also because it is newer, we have gone into more detail with the 
algebraically oriented course. 

Mathematics 9; Foundations of Euclidean Geometry (’ 3 semester hours) 

The purpose of this course is two-fold. On the on© hand it 
presents an adequate axiomatic basis for Euclidean geometry , includ“ 
ing the one commonly taught in secondary schools , while on the other 
hand it provides insight into the interdependence of the various 
theorems and axioms. It is this latter aspect that is of the greater 
importance for it shows the prospective teacher that there is no one 
Royal Road to the classical theorems. This deeper appreciation of 
geometry will better prepare the teacher to assess the virtues of 
alternative approaches and to be receptive to the changes in the 
secondary school geometry program that loom on the horizon. 

Courses similar to this have now become commonplace. As a 
consequence, no great detail should be necessary in this guide * 

There is a greater abundance of appropriate topics than can be 
covered in one course, so some selection will always need to be made. 

Although enough consideration should be given to three— space 
to build spatial intuition, the major emphasis should be on the 
plane, since It is in two-space that the serious and subtle difficul- 
ties first become apparent. The principal defects in Euclid * s Ele- 
ments relate to the order and separation properties and to the 
completeness of the line. Emphasis should be directed to clarifying 
these subtle matters vith an indication of some of the ways by which 
they can be circumvented. The prospective teacher must be aware of 
these matters and have enough mathematical sophistication to proceed 
to new topics with only an indication of how they are resolved. 
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The course consists of six parts , after brief historical 
introduction and a critique of Euclid f s Elements . The allotment of 
times that have been assigned for these parts are but suggestions to 
be used as a guide , because emphasis will vary with the background of 
the students f the text used, and the tastes of the instructor* Pre- 
requisites for the course are a modest familiarity with rigorous 
deduction from axioms a for example as encountered in algebra, and 
the completeness of the real number system. 



1* Incidence and Order Properties CS lessons) 

In this part of the course, after a brief treatment of inci- 
dence properties , the inherent difficulties of betweenness and separa- 
tion are discussed. The easiest, and suggested, way to proceed is in 
terms of distance. The popular method today is to use the Birkhoff 
axioms, or a modification such as given by SM3G , In addition, one 
should give some indication of a synthetic foundation for betweenness 
such as that of Hilbert* A brief experience with a synthetic treat- 
ment of betweenness is enough to convince the student of The power of 
the metric apparatus. 

Alternatively, one can begin with a synthetic treatment of 
betweenness and then introduce the metric apparatus. With this 
approach, metric betweenness is a welcome simplification. 



2 - Congruence of Triangles and Inequalities in Triangles 

fS lessons) - — 

It is recommended that angle congruence be based on angle 
measure (the Birkhoff axioms) . Yet here too some remarks on a syn- 
thetic approach are desirable. 

The order of presentation of the congruence theorems can 
depend on the underlying axiom system used. What is perhaps more 
important is to observe their interrelations. At this point a global 
view of transformations of the plane should receive attention. Ruler 
and compass constructions should be deferred, as the treatment is 
simj ler and more elegant after the parallel axiom has been introduced. 
The triangle inequality and the exterior angle theorem occur here. 



Absolute and Non^Euclidean Geometry (6 lessons) 

Up to this point there has been no mention of the parallel 
postulate. It is desirable to explore some of the attempts to prove 
it. One should prove a few theorems in absolute geomatry, in par- 
ticular ones about Saccheri quadrilaterals. Then some theorems in 
hyperbolic geometry can be given, among which the angle-sum theorem 
for angles in a triangle is most important. A model, without proof, 
for hyperbolic geometry is natural here. 
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This part of the course can also be taught after Part 4 when 
Euclid’s parallel axiom and consequences of it have been covered. 



4, The Parallel Postulate £8 lessons) 

There are many topics j of central importance in high school > 
that need to be discussed in this part of the course. It is desirable 
to give here, as well as in Part 3, considerable attention to the 
history of the parallel axiom. Due to time limitations ? it will 
probably be necessary to omit some topics. Nevertheless , some atten- 
tion should be given to: parallelograms, existence of rectangles * 

Pythagorean Theorem, angle-sum theorem for triangles, similarity, 
ruler and compass constructions, and an introduction to the notion 
of area. 



5. The Real Numbers and Geometry (8 lessons) 



This part is devoted to matters in which the completeness of 



the real number system plays a role, 
the completeness of the line and the 
medes’ axiom arises naturally here,, 
of triangles for the incommensurable 



Some attention must be given to 
consequences thereof. Archi- 
Important topics are: similarity 

case; circumference; area in 



general and, in particular, area of circles; and, finally, a coordi- 
nate model of Euclidean geometry * It is possible to give a coordi- 
nate model of a non- Archimedean geometry at this time. 



6* Recapitulation £3 lessons) 

This part is intended to give perspective on the preceding 
sections. It should have a strong historical flavor and might well 
include lectures with outside reading or a short essay. 



References : 

Birkhoff # J* D, and Beat ley, R» Basic Geometry . New York, Chelsea 
Publishing Company, 1941. 

Borsuk, K, and Szmielew, W. Foundations^ of Geometry . New York, 
Interscience, 1960. 

Coxeter, H. S . M. Introduction to Geometry . New York, John Wiley 
and Sons, 1961. 

Eves, Howard. A Survey of Geometry , Vol, I. Boston, Massachusetts, 
Allyn and Bacon, Inc., 1963, 

Hilbert, David. Foundations of Geometry , trans . by E . 

Chicago, IlHnois7 Open Court Publishing Company, 1959. 



J. Townsend 



Inc * 



1963 * 



Moise , Edwin E. Elementary Geometry from an Advanced S 
Reading, Massachusetts, Addison-Wesley Publishing Co * , 

Prenowitz, W. and Jordan, M. Basic Concepts of Geometry . New York, 
Blaisdell, 1965 * 



Mathematics 9a: Vector Geometry 



There are approaches to geometry other than the classical 
synthetic Euclidean approach and several of these are being suggested 
£or us© in both the high school and college curricula- Moreover, 
exposure to different foundations for geometry yields deeper insights 
into geometry and can serve to relate Euclidean geometry to the main- 
stream of current mathematical interest. It is this latter reason 
which underlies much of the discussion about geometry that is now 
prevalent. There are at least three approaches that merit considera- 
tion 

X. The cl ass i cal approach of Felix Klein, wherein one begins 
with projective spaces and, by considering successively smaller sub= 
groups of the group acting on the space, one eventually arrives at 
Euclidean geometry. A course of this nature might be called projec= 
tive geometry, but it should proceed as rapidly as possible to 
Euclidean geometry. Besides books on projective geometry, other 
references axe: 

1. Art in, Emil. Geometric Algebra . New York, 
Interscience, 1937* 

2. Cans, David. Transformations and Geometries * 

New York, Appl eton— Cantury=Crofts , Inc*, 1968, 

3. Klein, Felix. Vorlesungen Uber Nlcht-Etklidisehe 
Geometric . New York, Chelsea Publishing Company , 19S9 

4. Schreier, Otto and Sperner, Emanuel. Pro j active 
Geometry of n Dimensions . New York, Chelsea 
Publishing Company , 1961 . 

(Throughout this outline, references are given because of their con — 
tent with no implication that the level of presentation is appro- 
priate, Indeed, adjustments will normally be necessary*} 

II. The trans formation approach , which in some ways is a 
variant of Klein’s, uses the Euclidean group to define congruence and 
other familiar concepts. As a further variant of this, there are 
treatments which begin with synthetic Euclidean geometry and proceed 
to the Euclidean group. References are: 

Bachmann, F* Aufbau dor Geometric aus dem 
Spiegelungsbegriff . Berlin, Spr inger-Ver lag , 1939* 
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6* Cheque t , Gustave, Geometry in a Modern Setting . 

Boston , Massachusetts, Houghton Mifflin Co, , 1969, 

7. Coxford, A, F. and Usiskin, Z. F, Geometry, A 

Trans format ion A pproach , Vol. I, II- River Forest, 
Illinois , Laid! aw Brothers , 1970. 

8. Eccles, Frank. An Introduction to Transformational 

Geometry. Reading, Massachusetts , Addison- Wes ley 
publishing Co . , Inc. , 19 71 , 

III, The vector space approach , the one suggested for this 
course, uses vector spaces as an axiomatic foundation for the investi= 
gat ion of affine and Euclidean geometry. Through the use of vector 
spaces, classical geometry is brought within tne scope of the central 
topics of modern mathematics and, at the same time, is illuminated by 
fresh views of familiar theorems. Some of the references below con- 
tain isolated chapters which are relevant to this approach; in such 
cases these chapters are indicated. 

9. Art in, Emil, Geometric Algebra . New York, 
Interscience, 1957. 

10. Artsy, Rafael. Linear Geometry , Reading. 
Massachusetts, Addison-Wes ley Publishing Co. , 

Inc, , 1965 . 

11. Dieudonne, Jean. Linear Algebra and Geometry , 

Boston, Massachusetts, Houghton Mifflin Co., 1969. 

1 2 . Gruenber g , K. W. and Weir, A, J. Linear Geometry . 
New York, Van Nos f rand- Reinh old Books, 1967. 

13. MacLane, Saunders and Birkhoff , Garrett, Algebra . 

New York, Macmillan Co . , 190? . ([Chapters VII, 

XI, XII) 

14. Most ow, George; Sampson, Joseph; Meyer, 

Jean-Pierre. Fundamental Structures of 
Algebra. New York, McGraw-Hill Book Co., 

1963. (Chapters 8, 9, 14 3 

15. Murtha, J* A. and Willard, B. R . Linear Algebra 

and Geometry . New York, Holt, Rinehart and Winston, 
Inc. , 1969 . 

16. Snapper, Ernst and Troyer , Robert. Metric Affine 
Geometry - New York, Academic Press, 1971, 

The course outlined below has as prerequisite an elementary 
course In linear algebra (GCMC 3) * The main topics are’ 
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Affine Geometry and Affine Transformations 
Euclidean Geometry and Euclidean Trans format ions 
Non-Euc 1 idean Geonietri es * 



ause of the relative unfamiliarity of this approach to geometry, 
more details such as definitions and typical results will be includ 
ad. Also, a brief justification is given. 



In Euclidean geometry one considers the notion of a transla- 
tion of the space into itself. These translations form a real vector 
space under the operation (addition) of function composition and 
multiplication by a real number. Thus the "vector space of transla- 
, 1 ™ 5 acts on the set of points of Euclidean space and satisfies the 
rol lowing two properties . 



If (x,y) is an ordered pair of points , there is a 
translation T such that TC^O m y. Moreover, this 
translation is unique. 



1 i : T^ and Tg are translations and x is a point, then 
the definition q£ 'Victor addition 1 ' as function 
composition is indicated by the formula 



(T i + T 2 3 Cx) = 

With this intuitive background, the details of the course outline 
will now be given. The definitions and propositions are stated for 
lmension n ? since this causes no complication, but the emphasis will 
be on dimensions two and three. 



Affine Geometry and Affine Transformations 



One defines real n=dimensional affine space as the triple 
5^ * where V is a real vector space of dimension n fthe vector 

space of the translations), X is the set of points of the geometry 
V . x / X defined by yCT ? x) » Tfx) is the action of V on X 
“ lC satisfies properties A and B above. For convenience, the af- 
space X , j.i ) is usually denoted simply by X. 



Affine sut spaces of X are defined as follows. Let x € X and 
let U be a linear subspace of V (a subspace of translations). The 
affine subspace determined by x and U is denoted by SfU, x) and con- 
sists of the set of points 



(TCx) jT € U> , 

i.e., SIU.x) consists of all translates of x by a translation belong 
- 1 " 4 * U * The dimension of SCU,x) is defined to be the dimension of 
U. Then one- dimensional affine subspaces are called lines ,, two- 
dimensional affine subspaces are called planes and 1 ) -dimensional 
afrine subspaces are called hyperplanes (n - dimension of V) . 



Two affine subspaces S and 5* are called parallel (5 I! S') if 
there exists a translation T such that T(5) cr. S* or T ( S f ) cz S. 



dS 



Parallelism and incidence are investigated., with special emphasis on 
dimensions two and three. Such results as the following are obtain- 
ed . 

Lines £ and m in the plane are parallel if and only if 

£ is m or £ fl m = 0 , 

A line £ and a plane n in three-space are parallel if 
and only if £ Cl tt or £ fl tt = 0. T£ £ 71 > then 

£ fl tt is a point. 

There exist skew lines in three- space „ 

Planes tt and tt 1 in three-space are parallel if and 
only if tt s it 1 or ir (1 it 1 *0 . If tt J]' r f , then 
D tt ! is a line, 

A coordinate system for the affine space X consists of a 
point c € X and an ordered basis for V. A point x £- X is assigned 
the coordinates C x i j - - - ? x n ) if T is the unique translation such 
that TCc) ^ x and T has coordinates (xj ? * * * * x n ) with respect to the 

given ordered basis for V. Using these notions, one can study 
analytic geometry* e.g., the parametric equations for lines ^ the 
linear equations for hyperpl anas , the relationship between the linear 
equations of parallel hyperplanes * incidence in terms of coordinate 
representations, etc. 

For each point c £ X, there is a natural wi/ to make X into a 
vector space which is isomorphic to V. Namely* if r is a real number, 
x *y € X* ar.d Ti > T 2 are the unique translations satisfying - x 

and T a (c) — y , then one defines 

x ^ y ^ T a fTi(e)) and rx = (rTi)CxD, 

The vector space X c with origin c is the tangent space of classical 
differential geometry, (Affine space is often defined as the vector 
space V itself; this approach to affine geometry is based on the iso- 
morphism between Xc and V. ) 

An affine transformation is a function f: X -*■ X with the fol- 
lowing properties : 

a, f is one-to-one and onto. 

b . If £ and £ f are parallel lines, then f(£) and f (£ 1 ) are 
parallel lines. 
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The affine transformations form a group called the affine group which 
contains the translation group as a commutative subgroup. For each 
point c £ X, the set of affine transformations which leave c fixed 
form a subgroup of the affine group; moreover, this subgroup is the 
general linear group of the vector space X c and is therefore isomor- 
phic to the general linear group of V. Finally* properties of affine 
transformations are investigated. 
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Other topics of affine geometry which are studied include 
orientation s betweenness, independence of points, affine subspace 
spanned by points 3 and s i mplexcs . 



Euclidean Geometry and Euclidean Transformations 



Euclidean space is defined as the affine space (V, X, p) where 
V has been given the additional structure of a positive-definite 
inner product. Thus for each T ^ V, T 2 is a non-negative real num- 
ber. A distance function is introduced on X by defi nin g the distance 
between an ordered pair (x,y) of points of X to be /'i' 2 where T is the 
unique translation such that T(x3 — y - A Euclidean transformation 
(rigid motion, isometry) of X is a mapping of X which preserves 
distance , 



The Euclidean transformations form a subgroup of the affine 
group* for each c 6 X, the Euclidean transformations which leave c 
fixed form a subgt a orp of the Euclidean group. In fact, this if the 
orthogonal group of the vector space X c (with the inner product in- 
duced on it from V through the given isomorphism) and th ere fore is 
isomorphic to the orthogonal group of V, 

Rotations and reflections are first defined for the Euclidean 
plane and then for n-dimensional space. The Cart an* Di eud onnl theorem 
becomes an important tool in the investigation of the Euclidean group. 
It states that every Euclidean transformation of n-apace is the pro- 
duct of at most n + 1 reflections in hyperplanes. It follows imme- 
diately that there are four kinds of Euclidean transformations of the 
Euclidean plane: translations, rotations, reflections, and glide 

reflections . 

Rotations anc reflections of Euclidean three-space are investi- 
gated, From the Cartan-Dieudonne theorem it follows that every rota- 
tion of three-space has a line of fixed points (the axis of rota= 
tion) * The set of all rotations with a given line l as axis is a 
subgroup of the rotation group of three-space. Moreover, this rota- 
tion group with axis Ji is isomorphic to the rotation group of the 
Euclidean plane, thus giving the classical result that every rotation 
of three-space is determined by an axis and a given "angle of 
rotation,*' 

One now defines a figure to be a subset of X and calls two 
figures congruent if there is a Euclidean transformation which maps 
one figure onto the other* Using these concepts, one proceeds to 
proofs of the classical congruence theorems of plane geometry ( 5 , 8 . 3 ., 
S,A. S. , A. 5 . A, , H.8, ) . 

Finally, orthogonality and similarity are investigated* 
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3. Non= Euclidean Geometries 



The classical method of obtaining a non-Eucl idean plane 
geometry is to replace the parallel postulate by another postulate on 
parallel lines and thus obtain hyperbolic geometry* Here the ap- 
proach is different* The positive- definite inner product is replaced 
by other (nonsingular) inner products. The geometry obtained is non- 
Euclidean, but the parallel postulate is still valid? This startling 
I’esult is true because the underlying space is the affine plane fin 
which the parallel postulate is valid) and the change of inner prod- 
uct does not disturb the affine structure. 

Actually, the investigation of non- Eucl idean geometries can be 
made concurrently with that of Euclidean geometry. For example, the 
Loren t z plane and the negative Euclidean plane can be defined and 
investigated at the same time as the Euclidean plane. f, Circles ,r in 
the Lorentz plane are related to hyperbolas of the Euclidean plane s 
et c . 

One of the major results is Sylvester's theorem, from which one 
concludes that there are precisely n + 1 distinct nonsingular geome- 
tries which can be placed on n-dimens ional affine space* 
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